1. Let the universal set be the set R of all real numbers and let A={xER |0 <x < 2},

B={XER |1 < x<4}and C={XxER| 3 < x <9}. Find each of the following:

a)AUC
b) (A U B)'
C)A" UB
Solutions:
a) AUuC
A=(0, 2]
C=[3,9)

Since, AUC={XxER|x € Aorx € C}

Thus, AUC={Xx ER|0<x<20r3<x<9}

b) (A U B)
A=(0,2]
B=[1,4)
Since, A'={x € RlxéA}andAU B={Xx €ER|x € Aorx € B}
Thus, (A U B)' = {x € R|x £ (0, 4)}
(AUB)={Xx ER|x<0o0rx>4)}

c) A'UB
A=(0,2]
B=1[1,4)
Since, A’ ={x E R|x € A}and A UB={x E R|x € Aorx € B}

Thus, A’ U B'={x € R|x € (-, 0] or (2, ) or (-0, 1) or [4, c0)}
A UB ={XER|XE (-0, 1)or (2, )}
A UB ={x ER|x<lorx>2}



2. Draw Venn diagrams to describe sets A, B, and C that satisfy the given conditions.

a)ANB=¢p,AcC,CNB#Q
b)AcB,C<B ANC#9
OOANB#@0,BNC#0,ANC=0,A¢B,C¢B

Solutions:

a) ANB=0,ACC,CNB#0
ANB=0 CNB#0

Thus, ANB=@,AcC,CNB#9
U
“

b) ACB,CSB,ANC#0

AcB ccB ANC#¢9

Thus, ACB,CSB, ANC=#0

@




c) ANB#0,BNC#0,ANC=0,A¢B,C¢B

ANB#0 BNC#9

ANC=09

;

b

O

AgB

CeB

;

9

Thus ANB#0,BNC#0,ANC=0,A¢B,C¢B
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3. Given two relations S and T from A to B,

SN T={xy) EAxB|(x,y) € Sand (x,y) € T}
SUT={(xy) EAxB|(xy) € Sor(x,y) € T}

Let A={-1, 1, 2, 4} and B={1,2} and defined binary relations S and T from A to B as

follows:

For all (x,y) EAxB, xSy < |x|=y]

For all (x,y) EAxB,x Ty <> x—y iseven

State explicitly which ordered pairsare in AxB, S, T, SN T,andS U T.
Solutions:

AxB ={(-1, 1), (-1, 2), (1,1), (1, 2), (2,1), (2, 2), (4,1), (4, 2)}

S= {(_11 1)! (1! 1)! (2!2)}
T={(-1,1),(1,1), (2,2), (4.2}

SNT={(-1,1), (1), (22}

SUT={(-1,1),(1,1),22), 42}



4. Show that = ((-p/Aq) V (=p/A=q)) V (p/Aqg) = p. State carefully which of the laws are

used at each stage.

~((pAQ) V (=pA-a)) V (pAQ)

== (-pA(qV -q) V (pAa) (Distributive law)

== (-p) V (pAQ) (Double Negation law)
=pV(pAQ) (Absorption law)

=P



5. R1={(x,y)| x+y <6}; R1is from X to Y; R2={(y,z)| y>z}; R2 is from Y to Z; ordering of
X,Y,andZ: 1,2, 3,4,5.

Find:

a) The matrix Al of the relation R1 (relative to the given orderings)

b) The matrix A2 of the relation R2 (relative to the given orderings)

c) Is R1 reflexive, symmetric, transitive, and/or an equivalence relation?

d) Is R2 reflexive, antisymmetric, transitive, and/or a partial order relation?

Solutions:

a) The matrix Al of the relation R1 (relative to the given orderings)
R1={(1,1),(1,2),(13),(1,4),(1,5),(2,1), (2,2), (2,3), (2,4, (3, 1), (3,2), (3,3),

(4,1),(4,2), (5 1)}
111 1

S OO R
oS O OO

1 1
1 1
1 0
0 0

[ Y

b) The matrix A2 of the relation R2 (relative to the given orderings)
R2={(2,1),(3,1),(3,2),(4,1),(4,2),(4,3),(51),(5,2),(5,3), (5 4}

0 0 00O
1 0 0 0 O
11 0 0 O
111 00
11 110

c) Is R1 reflexive, symmetric, transitive, and/or an equivalence relation?
Reflexive: notall (a, a) € R1; (4, 4) and (5, 5) £ R1, thus R1 is not reflexive relation.

Symmetric: (a, b) € Rland (b,a) € R1;(1,2) € Rland (2,1) € R1

Thus, R1 is symmetric relation.

1 1 1 1 1 1 1 1 1 1 1 11 1 1
1 1 1 1 0 1 1 1 1 0 1 11 1 1
Transitive:|1 1 1 0 0[|® |1 1 1 0 O|l=|1 1 1 1 1
1 1 0 0 O 1 1 0 0 O 1 11 1 1
1 0 0 0 O 1 0 0 0 O 1 11 1 1

Thus, R1 is not transitive relation.

Equivalence: R1 is symmetric but not reflexive and not transitive,

Thus, R1 is not equivalence relation.



d) Is R2 reflexive, antisymmetric, transitive, and/or a partial order relation?

Reflexive: since for each a € Y, (a, a) & R2, thus R2 is irreflexive relation.

Antisymmetric: (2, 1) € R2 but (1, 2) £ R2, thus R2 is antisymmetric relation.

0 0 0 0O O 0O 00 0O 0O 0 00O
1 0 0 0 O 1 0 0 0 O 0O 0 0 0 O
Transitive:|1 1 0 0 O0|®[1 1 0 0 Of=f1 0 0 0 O
1 11 00 1 11 00 1 1 0 0 O
1 1 1 10 1 11 10 1 11 0 0

Thus, R2 is not transitive relation.
Partial order relation: R2 is antisymmetric but not reflexive and not transitive,

so R2 is not partial order relation.



6. Suppose that the matrix of relation R1 on {1, 2, 3} is

1 0 0
0 1 1
1 0 1

relative to the ordering 1, 2, 3, and that the matrix of relation R2 on {1, 2, 3} is

01 0
01 0
1 0 1

relative to the ordering 1, 2, 3. Find:

a) The matrix of relation R1U R2
b) The matrix of relation R1N R2

Solutions:

a) The matrix of relation R1U R2

1 1 0
0 1 1
1 0 1

b) The matrix of relation R1N R2

000]

01 0
1 0 1




7. If f:R— R and g:R— R are both one-to-one, is f + g also one-to-one? Justify your answer.

Solutions:

Assume: T (x) =x, g (X) =—x (xis for all real numbers)
f+g=(f+9)(x)

=f(x)+g9(x

=(X) +(=x)

= 0 (it is a constant function)
For example, (f+g) (1) =0and (f+g) (2) =0, but 1 £2

Thus, f + g is not one-to-one.



8. With each step you take when climbing a staircase, you can move up either one stair or two
stairs. As a result, you can climb the entire staircase taking one stair at a time, taking two at a

time, or taking a combination of one- or two-stair increments. For each integer n=1, if the

staircase consists of n stairs, let C,, be the number of different ways to climb the staircase.

Find a recurrence relation for cl, c2, ...., C,.
Solutions:

When one is climbing a staircase consisting of n stairs, the last step taken is either a single

stair or two stairs together.
Numbers of ways to climb the staircase = C,,

The number of ways to climb the staircase and have the final step be a single stair is C,,_; .

The number of ways to climb the staircase and have the final step be two stairsis C,,_ .

When n > 3, the staircase contains more than 2 stairs and so will need to use a combination of

single stair and two stairs.

Therefore, C,, = C,_1+ C,_, ,n>3. Mentionthat C; =1 and C, = 2.



9. The Tribonacci sequence (t,,) is defined by the equations,
t0=0,t1=t2=1,¢t, =tn-1 +tn-2 +tn-3 foralln = 3.

a) Find t7.

b) Write a recursive algorithm to compute tn, n =3.

Solutions:

a) Findt7.

tp = th—1 tlp2 tip3

t3 = 31 tt3- T+ i3-3 by = lyq +typ tis3
= t,+t; +t =ttt +t
=14+1+4+0 =2+1+1
= 2 =4

ts = 51 +t5-2 T 153 te = lo—1 +te—2 t lg—3
= t,+ts+t, = tot+t,+ts
=4+4+2+1 =7+44+2
=7 =13

bty = t; 1+t t1t;3
= t6+t5+t4
= 134+74+4
=24

b) Write a recursive algorithm to compute t,,, n =3.
Input: n
Output: t (n)
t(n{
if (n=1 or n=2)
return 1

return t,,_q + tp_p + t,_3



