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FUNCTION

= Let XandY are nonempty sets.
= A function (f) from X to Y is a relation from X to

Y having a properties:
o The domain of fis X
o If(x,y), (x.y’) € £, theny =y’




Relations vs Functions

* Not all relations are functions
« But consider the following function:

a
b
C
d

 All functions are relations!

1
2

@4




Relations vs Functions

When to use which?

* A function is used when you need to obtain a
SINGLE result for any element in the domain

— Example: sin, cos, tan

* A relation is when there are multiple mappings
between the domain and the co-domain

— Example: students enrolled in multiple courses
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Domain, Co-domain, Range

= Afunction from XtoYis denoted,f: X—>Y

T
T
T

ne domain of f is the set X.
ne set Y is called the co-domain or target of /.

neset{y | (x,y) € f}is called the range.




Example

Given the relation, f=1{(1,a), (2,b), (3,a) } from
X={1,2,3}toY={a, b, c}isafunction from
X to Y. State the domain and range.

ution:

So
v The domain of /" is X
v'The range of f is {a, b}




Exa m p I e (cont.)

e f={(1,0), (2b) (3,0)}

]_:H”‘ f:::]'
; \ i range
| 22— | OO
\ I.'II
\J,. fo\ec/
domain X Y codomain




Example

@ The relation, &= {{1,a), (Z2.a), (3.b)}
from X={1, 2, 3, 4} to Y= {a, b, c}is NOT a
function from X to Y.

@ The domainofR, {1,232 }is not equal to
X.

R={(1,0), (2,0), (3.b)}

There is no arrow from 4

O
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Example

a The relation, R={{1,a), (2.b), (3.c), (1.b)}

from X={1, 2, 3} toY={a, b, c}is NOT a
funtion from X to Y

@ (l,0)and (1,b)inR buta=Db.

r={{1.q), {2,b), (3,c), (1.b}}

There are 2 % \
arrows from 1 |
[ ] 'llll "I
k:" 7 R 2
X

“r’

0
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Notation of function: f(x)

= For the function, f={(1,a), (2,b), (3,a)}

= We may write:

Jf(D=a,f(2)=b, f 3)=a

" Notation f (x) is used to define a function.




Example

o Defined: f(x) =x?

o £(2)=4, £(-3.5)=12.25, £(0)=0

o f={(x,x?)|x1is areal number}




One-to-One Function

@ A funcfionffrom X toY, issaid one-fo-
one (orinjective) if foreachy Y,
there is at most one x € X, with 1 (x)=v.

@ Forallx, x,,if7 [x;) =T (%), Then x,=x..
V X VX ([T (%) =T (Xa)) =(%1=X5))




Example

* The function, f=1{(1,b), (3,a), (2,c) } from X = {
1,2,3}toY={aq, b, c, d}is one-to-one.

Fach elementin ¥
has at most one
arrow pointing to it




Exa m p I e (cont.)

* The function, f=1{(1,a), (2,b), (3,a) } from X ={
1,2,3}toY={aqa, b, c} is NOT one-to-one.

* f(D)=a=/03)

F={(1a). (2], (3.0) }

ﬁ :\ 5 a f']CISI 2 ﬂrro_ws
\ | pointing to it

| 2e—1 Lseb |

IIIII II|
f \'_C/
Y




Example

Show that the function,
f{n) =2n+]

on the set of positive integers is one-to-
one.




Solution

@ For all positive infeger, n,and n, if f [n,)
=1f (ns), then n,=n..

@ Let,f(n,) =1 (ny), f(n)=2n+]

then 2n, +1 =2n, +1 (-1)
N, =n,

@ T[his shows that fis one-to-one.




Example

¢ Show that the function,
f(n)=2"-n"
from the set of positive integers to the set
of infegers is NOT one-fo-one.




Solution

e Need to find 2 positive integers, n,and n,
nyzn, with f [n,) =1 (n,).

@ frial and error,
I {2) =71 (4]

@ fis not one-to-one.
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/-;J Onto Function

" |f f is a function from X to Y and the range of f
isY, / is said to be onto Y (or an onto function
or a surjective function)

" Foreveryy € Y, there exists at least one x € X
such that f(x) =y

VyeYdxeX(f(x)=y)




Example

* The function, f=1{(1,a), (2,¢), (3,b) } from X = {
1,2,3}toY={aq, b, c}is one-to-one and onto
Y.

e f={(1,0)),(2c) (3.D)}

Onteo

One-to-one ﬁ.\ f’: :;;;-\ Each

Each . ss x"-,I ."( '| clementin Y
element in Y |' De II o | has at least
has at most

[ | one armrow

\ .
one arrow [ ' pointing to it
3 c/
f
X
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Example

* The function, f=1{(1,b), (3,a), (2,c) } is not
ontoY ={aq, b, ¢, d}

of={(1.b). (3.0). (2c) }

nhot onto
no amrow
pointing to d




Bijection Function

= A function, f is called one-to-one
correspondence (or bijective/bijection) if f is
both one-to-one and onto.

= Example:

of={(lal, (28), (3.B) }

SN
|' \ ,' \ One-tc-one
| P i | «p | andontoY

\ | . | -bijection
\3- I : /
Y

X
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uuuuuuuuuuuuuuuuuuuuuuu e Exercise

Determine which of the relations f are functions from the set X to
the set Y. In case any of these relations are functions, determine if

they are one-to-one, onto Y, and/or bijection.

a) X={-2,-1,0,1,2},Y={-3,4,5}and
f= { (_21_3)1 (_11_3)1 (014)/ (115)1 (21'3) } ’

b)X={-2,-1,0,1,2},Y={-3,4,5}and => Not Function
f=1(-2,-3), (1,4), (2,5)}

c)X=Y={-3,-1,0, 2 }and
f: { (-31_1)1 (-310)1 (_1/2)1 (012)1 (21-1) }

=> Not Function
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Inverse Function

= Let /- X—=>Y be a function.

= The inverse relation f-! < Y X Xis a function
fromY to X, if and only if fis both one-to-one
and onto Y.




Example

f'=1{(a,1),(c,2),(b,3)}




Example

o The function, f(x) =9x + 5 for allx € R (R is the set
of real numbers).

o This function is both one-to-one and onto.
o Hence, 1! exists.

o Prove:
Let (v, x) € /7, f1(y) =x
(x,y) € £, y=9x+5

x=(y-5)/9
[ =0-5)/9
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Exercise

@ Find each inverse function.

a) fx)=4x+2, xeR

b) f(x)=3+(1/x), xR




Composition

= Suppose that gis a function from Xto Y and f
is a function from Y to Z.

" The composition of f with g,

fog

is a function

(f ogllx) = f(g(x))

from X to Z.




Example

o Given, g={(1,a), (2,0), (3,c) }
a functionfrom X=1{1, 2,3}to Y ={a, b, c}
and,

f={(ay), (bx), (cz)}

a functionfromYtoZ={x,y, z}.

o The composition function from X to Z is the function

fog=1(Ly), (2y), (3,2) }




Exa m p I e (cont.)

| | b | | i |

bowe oo dpen B Lo g

N GE REP ta_}” 1 e ,K 1\
Vv ] 7 || i || |




Example

f(x)=1logyx and g (x) =x*

> [(g (x) =log; (x*)
> g (f(x)) = (logs x) *

> Note: fog #go f




Example

f[:t’}:lE;r g(x)=x" +1

[

(89)(x) =g(f(x) =€)




Example

@ Compaosition somefimes allows us to
decompose complicated functions into

simpler functions.

@ example Tix)= «Jrﬂ_ul'ﬂ Al

g(x) =/x f(x)=smx w(x)=2x

f(x) = g(h(w(x)))
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s Exercise

o Let fand g be functions from the positive
integers to the positive integers defined by the
equations, f(n) = n?, g(n) = 2"

o Find the compositions

a)fof
b)gog
c)fog
dgof
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— Recursive Algorithms

= A recursive procedure is a procedure that
invokes itself.

= A recursive algorithm is an algorithm that
contains a recursive procedure.

= Recursion is a powerful, elegant and natural
way to solve a large class of problems.




Example

Factorial problem

olfn=>1,
nl=n(n-1)=>21
and 0!l =1

o Notice that, if n 2 2, n factorial can be

written as,
n!=n(n-1)(n-2) =>2x1x0
= n(n-1)!




Example

@ N=5

a 5l

51=5.4.3.2.1=5. 4
41 = 4, 3|
31=3, 2l




Recursive Algorithm for Factorial

@ |[nput:n, integerz=0
@ Output: nl
@ Factoral (n) {
it (n=0]
return |
return n*factorial{n-1)




Example

@ Fibonaccisequence, 1

o 7F i'rl._l_EJ forn = 3

1. 1.2 3,3,8 13....




Recursive algorithm for Fibonacci Sequence :

@ [nput:n
@ Output:f (n)
a f(n){
if (n=1 or n=2)
return |
retfurnf (n-1) + f (nN-2)




Example

Consider the following arithmetic sequence: 1, 3, 5, 7, 9,..

Suppose a, is the term sequence. The generating rule is a,=a,-1+2, for n=1. The
relevant recursive algorithm can be written as

L(n)
feciitn=1.)
return 1
return f(n — 1) +2
}

Use the above recursive algorithm to trace n = 4

4
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@ UNIVERSITI TEKNOLOGI MALAYSIA

Example- Solution

Trace the outputifn=4

f(4)

n=4 f(4) =7
Because nz1
return f(3) +2

(3) ,1,

Return 5 +2

n=3 ﬂ3:| =5
Because nz1
return f(2) +2 leturn_3 +2
f(2) \l,
n=2 f(2) =3
Because nzl
return f(1) +2 Return 1 +2
f(1) ¢
n=1 fl1) =1
Because n =1
return1 Return 1

Answer = 7

4
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