SCSI1013: Discrete Structures

CHAPTER 1

SET THEORY
[Part 2: Operation on Set]

2014/2015 —Sem. 1




Union

* The union of two sets A and B, denoted by
A U B, is defined to be the set

AUuB={x|xeAorx e B}

* The union consists of all elements belonging
to either A or B (or both)




Union

 Venn diagram of AU B
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Example

A={1, 2, 3, 4, 5}, B={2, 4, 6} and C={8, 9}

AuB=1{1,2,3,4,5, 6}
AuC={1,23,4,5,8, 9}
BuC={2,4,6,8,9}
AuBuUC={1,23,4,5,6, 8§, 9}




Union

* If A and B are finite sets, the cardinality of
A U B,

|AuB| =|A| +|B| —|An B]




Intersection

* The intersection of two sets A and B, denoted
by A N B, is defined to be the set

ANB={x|xeAandx € B}

e The intersection consists of all elements
belonging to both A and B.




Intersection

* Venn diagram of AN B




Example

A={1,2,3,4,5, 6}, B={2,4,6, 8, 10} and
C={1,28,6 10}

ANB={2,4,6}
ANC={1, 2}
CnB={2,8, 10}
ANBNC={2}
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Exercise

Problem 1

There are two types of ice cream cones, chocolate and vanilla. You and 24
of your friends (25 total people) are going to buy ice cream cones. If 15
people buy vanilla cones, and 20 people buy chocolate cones, how many
people bought both chocolate and vanilla ice cream cones?

Problem 2

A group of 50 people go to the candy store to buy candy bars. Each
person buys at least one bar. The store sells two types of candy bars, Sweet
and Tasty. If 45 people buy both types of Candy Bars, and 47 people buy
at least one Sweet bar each, how many people bought only Tasty candy
bars?

Problem 3

There are 49 people that own pets. 15 people own only dogs, 10 people
own only cats, five people own only cats and dogs, and 3 people own cats,
dogs, and snakes. How many total snakes are there?
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* Two sets A and B are said to be disjoint if,
ANB=O




 Venndiagram,ANnB=Y

OO0
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Example

A={1,3,5 709, 11}

B=1{2,4,6,8, 10}

ANB=U




Difference

e The set
A-B={x | x € Aand x ¢ B}
is called the difference.

e The difference A— B consists of all
elements in A that are not in B.




Difference

* Venn diagram of A-B




Example

A={11213141516I718}
B={2141618}

A-B={1,3,57}




Symmetric Difference

The symmetric difference of set A and set B, denoted
byA® B istheset (A-B)U (B-A)

Ag B

Venn Diagram
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7 Symmetric Difference

* Formal definition for the symmetric difference of two
sets:

ADPB={x|(xe Aorxe B)andx ¢ A n B}
A®B=(AUB)-(ANB) < Important!

* Further examples
—1{1,2,3}®1{3,4,5}={1, 2,4, 5}
— {New York, Washington} @ {3, 4} = {New York, Washington,
3, 4}
—{1,2}® D0 =11, 2}

* The symmetric difference of any set S with the empty set will be
the set S

www.utm.my




Example

U=10,1,2,3,4,5,6,7,8,9,10!
A=1{1,2,3,4,5}: B={4,5,6,7,8)

A®B=(A-B)U(B—A)=1{1,2,3,6,7,8)

1 |
B-A ={6,7,8)

A-B=1{1273




Complement

* The complement of a set A with respect to
a universal set U, denoted by A’ is defined
to be

A ={x eU| x ¢ A}
A= U-A




Complement

Venn diagram of A’




Example

Let U be a universal set,

U={1,2,3,4,56,7)
A={2,4,6}

Al=U-A={1,3,57}
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7 Exercise

* Let,
U={a,bcdef,ghijklm}
A={a,c f m}

B={b,c g, h m}

* Find:
AUB,AnB,|AuB|,A—BdanA.
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7 Exercise

Let the universe be the set U={1, 2, 3, 4,.....,10}.
Let A={1, 4, 7, 10}, B={1, 2, 3, 4, 5} and

C={2, 4, 6, 8}.

List the elements of each set:

a) U
b) B’ (C-A)
c) B—A

d) (AuB)N(C— B)




Properties of Sets

e Commutative laws

ANB=BNMA

AUB=BUA




Properties of Sets

e Associative laws

AN(BNC)=(AnB)NC

Au(Bu(lC)=(AuB)uC




Properties of Sets

e Distributive laws

AU(BNC)=(AuB)n (AU ()

ANn(BulC)=(AnB)uU(An ()




Properties of Sets

* Absorption laws

AU(ANB)=A

AN(AUB)=A




Properties of Sets

* |dempotent laws

AN A=A

AU A=A




Properties of Sets

e Complement laws

(A) =A
ANA =
AUA =U
' =U




Properties of Sets

* De Morgan’s laws

(ANB) =A"UB

(AUB) =A"NB




Properties of Sets

* Properties of universal set

AuU=U
ANU=A




Properties of Sets

* Properties of empty set

AUD=A
AND=0
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' Example

e Let A, Band Cdenote the subsets of a set S
and let C' denote a complement of Cin S.

e fANC=BNCandANC'=BNC’, then
prove that A=B




Example

A =4ANS
=AnN(Cul)
=ANC)yu@AnC) bydistributivity
=B N C)uBnNC') bythe given conditions
=BnNn(Cul) by distributivity
=BNS

=B
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Simplify the set
(ALUB)NC)YuwB’)=
= ((ALB)NC)"B”
= ((ALB)NC)B
= (AuB)(CB)
= (AuB)"(BNC)
= ((AuB)NB)NC
BNC

Simplification using the Set Law

DeMorgan]

Double Complement]
Associativity of ]
‘Commutativity of 1]
Associativity of ]

[Absorption]

innovative e entrepreneurial e global

www.utm.my



Exercise

e LetA, Band C be sets.
 Show that

(Au(BNQ)=A"n (B )




Exercise

e LetA, Band C be sets such that
ANB=ANnCand AuB=AuZC

* ProvethatB=C
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eneralized Union/Intersection

| JAi=410420.. 0 4,

i=1

(di=AnAd2n...0 A
i=1
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eneralized Union/Intersection

Ex. Suppose that:

Ai={123,..ivi=123,...

- OOAiZZ+
| Jdi=2 U1

ﬂAi:? ﬁAi:{l}
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7 Cartesian Product

e Let A and B be sets.

* An ordered pair of elements a€A dan beB
written (a, b) is a listing of the elements a
and b in a specific order.

 The ordered pair (g, b) specifies that a is
the first element and b is the second

element.
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7 Cartesian Product

 An ordered pair (a, b) is considered distinct
from ordered pair (b, a), unless a=b.

e Example (1, 2)#(2, 1)
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7 Cartesian Product

 The Cartesian product of two sets A and B,
written AxB is the set,

AxB ={(a,b)| a€A, beB}
* ForanysetA,

AxDD = OxA =D
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' Example

A={a, b}, B={1, 2}.

AxB ={(a, 1), (a, 2), (b, 1), (b, 2)}

BxA =1{(1, a), (1, b), (2, a), (2, b)}




Cartesian Product

 if A% B, then AxB # BXA.

 if |A| =mand |B| =n, then |AxB|=mn.
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' Example

 A={1, 3}, B={2, 4, 6}.

AxB=1{(1, 2), (1, 4), (1, 6),(3, 2),(3,4),(3,6)}
BxA=1{(2, 1), (2,3), (4, 1), (4,3), (6, 1), (6, 3)}

A% B, AxB # BxA
|A| =2, |B| =3, | AxB |=2.3=6.
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7z Cartesian Product

* The Cartesian product of sets A, A,, ..., A, is
defined to be the set of all n-tuples

(a,, a,,...a,) where a.€A, for i=1,...,n;

* Itisdenoted A, xA,x ... xA,
A, x A, x o x A= AL A, ] o A,
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' Example

* A={g, b}, B={1, 2}, C={x, y}

AxBxC ={(a,1,x),(a,1,y), (a,2,x), (a,2,y),
(blllx)l (bllly)l (blzlx)l (blzly)}

+ |AxBxC|=2.2.2=8
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7 Exercise

e Let A={w, x}, B={1, 2} and C={KB, SD, PS}.

* Find |AxB|, |BxC|, |AXC|,|AxBxC|,|BxCxA],
| AXxBXAXC]|

 Determine the following set,
a) AxB, BxC, AxC
b) AxBxC
c) BxCxA
d) AxBxAxC
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7 Exercise

e Let X=1{1,2}, Y={a} and Z={b,d}.
* List the elements of each set.

a) XxY

b) YxX

c) XxYxZ

d) XxYxY

e) XxXxX

f) YxXxYxZ




