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CHAPTER 6

CODING
THEORY
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Coding Theory

e |n digital communications, when
information is fransmitted in the form of
strings of O's and 1's, certain problems
arise.

@ As aresult of "noise” in the channel,
when a certain signal is fransmitted a
different signal may be received, thus

causing the receiver to make a wrong
decision.
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example
Word transmitted Word received

0010111 0110110
i {

Transmission

channel

errors
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Coding of Binary Information

@ The basic task in the fransmission is fo
reduce the likelihood of receiving a word
that differs from the word was sent.

a This is done as follows.
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Coding of Binary Information

e Choose an infeger n>m and one-to-one
function f: Bm —Bn,

e The function f is called an (m,n)
encoding function.

(representing every word in BM as a word
in B")
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Coding of Binary Information

Word be BM
fo be sent
|
Encoded word . Word x e B"
x=f(b)e B" Transmission received
channel
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example

e Consider the following (m,3m) encoding
function f: Bm —B3m if

b=b,b,... b, € BT
e Define
f(b)=f(b,b, ... b,
=b,b,...b bb,...b, bbb, ... b,
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example

a Let m=3,

@ Thus,
f(100)=100100100
f(O11)=011011011
f(001)=001001001
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Weight

e |f xe B", then the number of 1'sin x is
called the weight of x and is denoted by
| x].
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example

e Find the weight each of the following
words in B>

) 11000 =9
n 11111 =5
i) 10101 =3
v) 01010 =2
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exercise

a Find the weight each of the following
words :

i) 1000110
i) 0111001
i) 11110001
iv) 10101010
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21000110 =3
20111001 =4
211110001 =5
#10101010=14
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Parity Check Code

@ The encoding function f: Bm —BM*l s
called the parity (m, m+1) check code:

fb=b,b, ... b, e BM, define

f(b)=b,b,...b. b, .
where

Y - 0 if jolis even

"1 ifolis odd



Parity Check Code

@ b, iszeroif and only if the number of
1'sin b is an even number.

e Every code word f(b) has even weight.

e A single error in the fransmission of a
code word will change the received
word o a word of odd weight, and
therefore can be detected.
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example
e Let m=3.
m f(001) =0011
m f(110)=1100
m f(111)=1111
m f(101)=1010
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exercise

o Consider the (3,4) parity check code. For
each of received words, determine
whether an error will be detected.

m 0100
m 1100
m 0010
m [00]
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0100 — error
#]1 Is odd
e Should be 0101

1100 — no error

E 0010 — error
#]1 Is odd
e Should be 0011

1001 — no error
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Hamming Distance

@ Letxandy be words in B™,

e The Homming distance, H(Xx,y)
between x and vy is the weight |x @ y|
of X Dy.
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Hamming Distance

a XDy

X @y x=0 X=1

y=0 0 ]

y=1 ] 0
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example

a Find the distance between x and v:

x=110110, y=000101
x=011101, y=100101
x=01011, y=1100]
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x=110110, y=000101
110110
110110 ® 000101= 110011 000101
110011
| 110011 | =4
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example
x=011101, y= 100101
011101
011101 @ 100101 = 111000 100101
111000
|111000] =3
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example
x=01011, y=11001
01011
01011 @® 11001 = 10010 11001
10010
110010 =2
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Properties of the distance function

e Letx, yand z be elements of BM. Then
m H(X y] > O

m H
B H
E H
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Minimum Distance

a The minimum distance of an encoding
function f: BM —B" is the minimum of the
distances between all distinct pairs of
code words.

min { H( f(x), f(y) ) |x,y € B™}
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example

@ Find the minimum distance of the (2,5)
encoding function f:

£(00) = 00000
f(10) = 00111
f(01)=01110
f(11)=11111
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example

e 6 distinct pairs of code words:

£(00),f(10)  £(00),f(01) £(00),£(11)
f(10),£(01)  (10),£(11) £(01),£(11)

e Compute the distance for each pair.
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example

1£(00) @ £(10) | = | 00000 ® 00111 |
= 100111 =3

|£(00) @ f(01) | = | 00000 ® 01110
= 101110(=3

1£(00) @ f(11) |= | 00000 ® 11111 |
=111111|=5



example

|f(10) @ f(01) |= | 00111 ® 01110
= 101001 | =2

1f(10) @ f(11)|= |00111 @& 11111
= 111000 =2

1F(01) @ f(11)|= |01110® 11111
= 110001 | =2
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example

e Hamming distance,
3,3,5 22,2

Minimum 2

@ The minimum distance is 2.
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Theorem

e An (m,n) encoding function f: BMm —B"
can detect k or fewer errors if and only if
Ifs minimum distance is at least k+1.
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example

@ The minimum distance of fis 2.

o The code k or fewer errors if and only if its
minimum distance is at least k+1.

e 2>k+1ork<l
@ The code can detect 1 error.
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exercise

@ Consider the (2,5) encoding function

f: B2>B>
f(00) = 00000
f(01) =01110
£(10) = 10101
f(11) =11011

e How many errors will f detect?
innovative e entrepreneurial e global



M’Q“ UNIVERSITI TEKNOLOGI MALAYSIA Exe Icise - S O I u tl on

www.utm.my

s [f(00)@ f(01)|= |00000 @ 01110|=|01110|=
s [f(00)@ f(10)|= |00000 @ 10101|=|10101|= 3
s [f(00)@ f(11)|= |00000 @ 11011|=|11011|= 4
s [f(01)@ f(10)|= |01110 & 10101|=|11011|=
s [f(01)@ f(11)|]= |01110 @ 11011|=|10101|=
s [f(10)@ f(11)|= |10101 & 11011|=|01110|= 3

& Hamming distance: 3,3,4,4,3,3
B Minimum distance = 3
E32Kk+1sok<?2
E The code can detect 2 errors
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a) Let C be the set of code words {00000000, 11111000, 01010111, 10101111}. How

many errors can C detect? (6 marks)
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Group Codes

e An encoding function f: BM—B" is called @
group code if

f(Bm) ={f(b)| b eBm}

s a subgroup of B".
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Group Codes

o N is asubgroup of B if:

Theidentity i of B"isin N.
X®@i=x, 1®x=x, xeB", xeN
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Group Codes

» jffxandy e N, thenx@®y e N.

« ifxe N, then x! e N.
XD x1=i, x1® x=i

(heed not be checked, since every
element in BN is its own inverse)
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example

o Show that the encoding function f : B2—=B> is
a group code.

f (00) = 00000
f(01)=01110
f(10) = 10101
f(11)=11011
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example

e We must show that the set of all code words
N={O0000, 01110, 10101, 11011}

is a subbgroup of B-.
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example

Let
a=00000
b=01110
c=10101
d=11011
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a=00000, b=01110, c=10101, d=11011

x(—By d b C a
|
gl a . 00000
@ 00000
b 00000
C
d
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a=00000, b=01110, c=10101, d=11011

XDy a o C d
|
41 a b - 00000
® 01110
| b —— | o110
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a=00000, b=01110, c=10101, d=11011

x(—By d b C d
a b C
d \\
b | b 00000
@ 10101
C C - 10101
d
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a=00000, b=01110, c=10101, d=11011

XDy a o C d
a a o C fd
SHES o!)ooo
e e

: P

ad <«
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a=00000, b=01110, c=10101, d=11011

X(—By d b C d
q a @ C d
b b a - 01110
®01110
C C 00000
d|l 4
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a=00000, b=01110, c=10101, d=11011

X(‘B'}/ d b C d
a a o C d
o b a d

AN
C C d 01110
® 10101
d d 11071
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a=00000, b=01110, c=10101, d=11011

x(—By d b C d
q - 10101 c d
@ 10101
5 OOOOOH d
N
C C d a
dl 4
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a=00000, b=01110, c=10101, d=11011

X(—By d b C d
q - 01110 c d
@ 11011 |
5 lC)]O]u 3 -
\
C C \d a
\
d d C
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a=00000, b=01110, c=10101, d=11011

x@y d b C d
q q 10101 c d
@® 11011
01110
b o ~—_d C
\ \
C C d a o
dl 4 e Ny
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a=00000, b=01110, c=10101, d=11011

X(—By d b C d

a a o C d
11011

ol b | e1ion | d C
00000

C C d o

> d C o a
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a=00000, b=01110, c=10101, d=11011

X®y a o C d
g a o) C a
b o) a d C
C C d a o
d d C b a
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example

o The identity of B" belongs to N
| = 00000 = ¢

@ X,y eN, xX®@yeN

e The encoding function fis a group code.
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exercise

o Show that the encoding function f : B3—B/ is
a group code.

f (000)=0000000  f (001)=0010110
f(010)=0101000  f(011)=0111110
f(100)=1000101  f(101)=1010011
f(110)=1101101  f(111)=1111011
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® \We must show that the set of all code words

N={0000000, 0101000, 1000101, 1101101, 0010110, 0111110,
1010011, 1111011}

Is a subgroup of B

E Let

a = 0000000
b =0101000
c = 1000101
d=1101101
e = 0010110
f=0111110
g = 1010011
h=1111011
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o Q -~ 0O Q O T Q9
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Group Codes

o Let D=[d;] and E=[ g; ] be mxn Boolean
martrices.

o We define The mod 2 sum D@®E as the mxn
Boolean matrix F=[ f; | where

J flj — d'J + e”
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example

1 0
let D=|0 1
1 0

_—0 O
e e
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example
o DDE
110 1 17 [1|1 0 I
01 1 0(®@1 10 1
1 0 0 1| |01 1 1
(1+1 [0+1 1+0 1+1] [o|1 1 0]
=[0+1 1+1 1+0 O0+1|=[1 0 1 1
140 0+1 O0+1 1+1] |1 1 1 0]
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Group Codes

o Let D=[ d;] be an mxp Boolean matrix and
let E=[ ;| be a pxn Boolean matrix.

e We define the mod 2 Boolean product D*E
as the mxn matrix F=[ f; | where

Qf; =dj.et+dpey. +di.e,
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example

1 1 0
let D= E=
0 1 1

O b
e
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11411400/ 1.0+1.140.17 [0] 1
101411410 0.0+1.1+1.1] |1 0




Group Codes

@ letm < n and - -

r=n—m. An Nxr I
Boolean maitrix, Ny hy o By,
H
H _ hml hm; hmi'
whose |lastr ] o 0 |
rows form the 0 1 0
identity matrix, rr=n-m
Is called a : - -
parity check 0 0 . 1]
matrix.

innovative e entrepreneurial e global



www.utm.my

Group Codes

o We use H to define an encoding function
fr;; BM—BN

o lfb=b,b,...b,,,

e Lef x=1y(b)
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Group Codes

fu(b)=bb, ... b XXy ... X,

where, - n
11 12 hl?
h h h,,
[bl bZ bm ]"-¢ - = )

'l hmZ h o

— [I] Xy, oo X
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e Let m=2, n=5and

1 0 1
1 1 1
1 0 0
0 1 0
0 0 1

e Determine the group code f: B>—»B>
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example
o We have B2={00,01, 10, 11} _ Lo
H=L-"1 0 0
o b=b,b, and x= f,(b)= b,b, XX, X, 1

11 0 1
[bl bz]}'{ 111 =[I1 Xy I;%]
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example

o ,(00)= 00 x;X5 X5

o b= 00 0 0]:{1 0 1}
1 1 1
=[0.1+0.1 0.0+0.1 0.1+0.1]
=[0 0 0]

e f,,(00)= 00000
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example

o f,(0O1)=01 X;X, X4

o b=0] 0 1]}{1 Q 1}

1 1 1
=[0.1+1.1 0.0+1.1 0.1+1.1]
=1 1 1]
o f,(01)=01111
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example

o f,(10)= 10 X;X5 X3

o b= 10 1 0 1
Lok
f,(10)=10101 =[1 0 1]

e f,(01)= 10101
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example

o fu(11)=11Xx;%X5 X5

o b=11 .1 0 1
o
1 1 1
=[1.1+1.1 1.0+1.1 1.1+1.1]
=[0 1 0]
o f,(11)=11010
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exercise
o Lef, 1 1 0
0 1 1
H = 1 0 0O
01 0
0 0 1 |

Determine the group code f,: B2-»B>
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b)  Suppose the encoding function be f;, : B* —» B’ and the parity check matrix, H is given

by

I
[ — — —_— —
[ —_ o —_ [
— (] o —_— o

Determine the code words representing word 1110 and 1011. (4 marks)
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Decoding and Error Correction

o Consider an (m,n) encoding function
f:BM—BN,

e The encoded word, x=f(b)eB", for beB™,
s received as the word x,

e we are faced with the problem of
identifying the word b that was the original

message.
innovative e entrepreneurial e global



Decoding and Error Correction

e An onfo function p: B"—BM is called an (n,m)
decoding function associated with f, if

P(x) =b’

such that when the fransmission channel has
No noise then

b'=b
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Decoding and Error Correction

word beBm
To be sent
l f(b)=x
Encoded word, R word x,eB"
xe BN received
fransmission
channel p(x,)=b’

Decoding word
b'eBM
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Decoding and Error Correction

o The decoding function p is required o
be onto so that every received word
can be decoded fo give a word in B™,

e |t decodes properly received words
correctly, but decoding of improperly
received words may or may not be

correct.
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example

o The parity check code, f: Bm— BM+I,

o The decoding function, p: Bm*I— B™

If Y =VY1Yoeo VY s € BMFL
fhen  ply) =vyYs....Y, € BT

e Let m=4,
P(10010)=1001 p(10001)=1000
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Decoding and Error Correction

e Let f be an (m,n) encoding function

e Let p be an (h,m) decoding function
associated with f.
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Decoding and Error Correction

e The pair (f,p) correct k or fewer errors if
whenever x=f(b) is fransmitted correctly or
with k or fewer errors and x. is received,
then p(x,)=b

e Thus x.is decoded as the correct
message b.
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Decoding and Error Correction

e Given an (m,n) encoding function,
f: BM— BN

o We often need to determine an (m,n)
decoding function,

p: B"— BM
associated with f.
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Decoding and Error Correction

e We now discuss a method, called the
maximum likelihood technique, for
determining a decoding function p for @
given f.
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Decoding and Error Correction

e Since B™M has m elements, there are 2m
code words in BN,

e List the code words in a fixed order:

1 2 21.‘5
IU,}I(),} “““ _.}I( )
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Decoding and Error Correction

e |f the received word is x,, we compute,
H(xx ) for 1<i<2m

and choose the first code word, say it is
x5}, such that

min  {H(x",x,)} =x"
1<j=<2™
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Decoding and Error Correction

o x°is a code word that is closest fo x, and
the first in the list.

o |f xb)=f(b), we define the maximum

likelihood decoding function p associated
with f by

P(x,)=b
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Decoding and Error Correction

o p depends on the particular order in which
code words in f(B™) are listed.

e |[f the code words are listed in a different
order, we may obtain a different maximum
ikelihood decoding function p associated
with f.
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Decoding Procedure

o |ff: BM— BNis a group code, the
procedure for obtaining a maximum

likelihood decoding function associated
with f:

1. Determine all the left cosets of N=f(B™)
in BN,

2. For each coset, find a coset leader (a
word of least weight)

innovative e entrepreneurial e global



Decoding Procedure

3. If the word x. is received, determine the
coset of N to which x. belongs. There
are 21/2M distinct cosefs of Nin B".

4. Let e be a coset leader for the coset
determined in (3).

Compute, x=x.® e
if x=f(b), we let p(x,)=b.
That is, we decode x,. as b.
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Decoding Procedure

o Keep acomplete list of all cosets of N in
tabular form.

e Eachrow of the table containing one
coset.

e |dentify a coset leader in each row.
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Decoding Procedure

o When a word x. is received, we locate
the row which contains if, find the coset
leader for that row, and add it to x..

o This gives us the code word closest to x..
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Decoding Procedure

o Lef N = {x© x® r(z*‘”}}

where x®isO the identity of B".

e List all the elements of N in a row, starting
with identity at the left

6 I(Z) I(E) I(Em)
/'

coset leader, e,
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Decoding Procedure

o Choose any word (least weight) e, in B"
which has not been listed in the first row.

o List the elements of the coset e, @ N as
the second row.

e, e,®x? e, @x? ... e, @x?

/

coset leader
innovative e entrepreneurial e global



Decoding Procedure

e Choose another element (least weight)
e;in B" which has not been listed in
either of the first two rows and form the
third row.

e, e, @x?Y e, ®x? ... e, ®x?
e :
coset leader
e Continue this process until all elements of
B" have been listed.
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example

o Consider the (3,5) encoding function

defined by
f(000)=00000  f(100)=10011
f(001)=00110  f(101)=10101
f(010)=01001  f(110)=11010
f(OT1)=01111  f{111)=11100
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example

o Decode the following words relative 1o a
maximum likelihood decoding function:

= 11001
= 01010
= O0T11
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example

o N ={00000, 00110, 01001, 01111, 10011,
10101, 11010, 11100 }

={x® xP X

o 2°/23=722=4 cosets (4 rows)
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example

o Coset leader, e, the idenftity of B" (e,;e N)

e e, =00000
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example

e Row 1,
e, = 00000
e, ©@00110=00110
e, @01001 =01001
e, @01111=01111
e, @ 10011 =10011
e, @ 10101 = 10101
e, @ 11010=11010
e, ® 11100 =11100



example

o Row 2, cosef leader e,=0000]1

e, = 00001
e, ®00110=0011]1
e, ® 01001 = 01000
e, ®01111=01110
e, ® 10011 = 10010
e, ® 10101 = 10100
e, ®11010=11011

e, @ 11100= 11101
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example

e Row 3, coset leader e; =00010

e, = 00010
e; @ 00110=00100
e; @ 01001 =01011
e; @ 01111 =01101
e, @ 10011 = 10001
e; @ 10101 = 10111
e; @ 11010 = 11000
e, @ 11100=11110



example

e Row 4, coset leader e, =10000

e, = 10000
e, ®00110=10110
e, ® 01001 = 11001
e, 01111 =11111I
e, ® 10011 =00011
e,® 10101 =00101
e,® 11010=01010
e, ® 11100=01100
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example

00000 00110 01001 oOI111 10011 10101 11010 11100
00001 00111 01000 01110 10010 10100 11011 11101
00010 00100 01011 01101 10001 1OII1 11000 11110
10000 10110 11001 11111 00011 00101 01010 01100

Decode the following words relative to @
maximum likelihood decoding function:

. 11001
. 01010
. 00111

innovative e entrepreneurial e global
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example

00000 00110 o0l1001 oIl1l 1001l 10101 11010 11100
00001 00111 01000 OI1110 10010 10100 11011 11101
00010 00100 oOl0Il o110l 10001 10II1 11000 11110
10000 10110 (11001 | 11111 OOOL1 OOIOI 01010 01100

11001 Column 3, 11001 @ 10000 = 01001

f(010)=01001, — p(11001)=010
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example

00000 00110 01001 oOIl1ll 10011 10101 11010 11100
00001 00111 01000 OI110 10010 10100 11011 11101
00010 00100 01011 01101 10001 10111 11000 11110
10000 10110 11001 11111 0O0OL1 o©OO0LIO1 {01010 | O1100

01010 Column 7, 01010 @ 10000 = 11010

f(110)=11010, — p(01010)=110
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example

00000 00110 o0Ol1001 oOIlll 1001l 10101 11010 11100
00001 jo0Ill | 01000 OI110 10010 10100 11011 11101
00010 00100 01011 oOl10l 10001 10111 11000 11110
10000 10110 11001 11111 00011 00101 OI1010 01100

« 00T 11 Column 2, 00111 @ 00001 = 00110

f(001)= 00110, — p(00111)= 001



exercise

Consider the (3,6) encoding function

defined by

f (000)=000000 f (001)=000110
f (010)=010010 f (011)=010100
f (100)=100101 f(101)=100011
f(110)=110111 f(111)=110001

Decode the following words:
(@) 011110 (b) 101011 (c) T10010

innovative e entrepreneurial e global
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Theorem

e Suppose that fis an (m,n) encoding
function and p is a maximum likelihood
decoding function associated with f.

e Then (f,p) can correct k or fewer errors if
and only if the minimum distance of fis at
least 2k+1.

innovative e entrepreneurial e global
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example

e Letf be the (3,8) encoding function defined

oy

f(000)=00000000  f(100)=10100100
f(001)=10111000  f(101)=10001001
f(010)=00101101  f(110)=00011100
f(011)=10010101  f(111)=00110001

o Lef p be an (8,3) maximum likelihood
decoding function associated with f.

¢ How many errors can (f,p) correcte

innovative e entrepreneurial e global



example

o The minimum distance of fis 3, as can be
checked by computing the minimum of the
distances between all 28 distinct pairs of
code words.

@ Since the minimum distance of fis 3, we
nave

322k+1, k<1
e Thus (f,p) can correct 1 error.



J\m‘m‘ U,“TUAV’-'.' | | TM
i)//(’ KNOL (,\‘-...\";h UNIVERSITI TEKNOLOGI MALAYSIA —

exercise

o Given the following encoding function, f:

B2—B5
f (00) = 00000
f(01) =01010
f(10) = 10111

f(11)=11110

e Let p be an (5,2) maximum likelihood
decoding function associated with f.

e How many errors can (f,p) correcte
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c) Letanencoding function, f:B* — B’, with f given by,

£(00) = 00000
f(01)=01011
f(10)=10110
f(11)=11101
Decode the word 11110 and 10101 using the maximum likelihood method. (Note: Copy Table

6 in your answer booklet and complete the *?7” cells). (10 marks)
Table 6
e, © 00000 e, @01011 e, @©10101 e, D11101
e; = 00000 00000 01011 10101 11101
e; = 10000 10000 11011 00110 01100
e; =7 ? ? ? ?
ey = 00100 00100 01111 10010 11001
e; =7 ? ? ? ?
eg = 00001 00001 01010 10111 11100
e7="7 ? ? ? ?
eg = 10100 10100 10111 00010 01001




