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Definition

e Let A and B be two sets.

« A Dbinary relation, or simply a relation R from
set A to set B Is a subset of the cartesian
product A x B

acAbeB,(a,b)e AxBandRc AxB

 If (a,b)eR, wesayaisrelated tob by R
writeasaRb (aRb« (ab)eR)
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7  Example1l

letA={1,2,3,4}and B={p,q,r}
R={(1,a). (271G 0a),@4np)}
R CAX><B
R Is the relation from A to B
1Rg (1isrelated to q)
3Rp (1isnotrelated to p)
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— Relations

 Binary relations: xRy
Onsets xeX yeY R cXxY
e Example:
“less than” relation from A={0,1,2} to B={1,2,3}

Use traditional notation

0<1,0<2,0<3,1<2,1<3,2<3

Or use set notation

AxB={(0,1),(0,2),(0,3),(1,1),(1,2),(1,3),(2,1),(2,2),(2,3)}
R={(0,1),(0,2),(0,3), (1,2),(1,3),(2,3)}

Or use Arrow Diagrams




Arrow Diagram

0 > 1
1 2
2 3

R=1(0,1),(0,2),(0,3), (1,2),(1,3).(2,3)}
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/__;/ Example 2

A = {New Delhi, Ottawa, London, Paris, Washington}
B = {Canada, England, India, France, United States}
Let XEA, y€B.
Define the relation between x and y by “x is the capital
ofy”

R= {(New Delhi, India), (Ottawa, Canada), (London,
England), (Paris, France), (Washington, United States)}
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S Definition

o |fRIsarelation from set A into itself, we say
that R Is a relation on A.

acA, beA (a,b)eAxA and Rc AxA
e Example

Let A=(1,2,3,4,5) and R be defined by a,beA,
aRb«>b-a=2

R=1(1,3).(2,4),(3,5);
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Write the relation R as (x,y) ER

Exercise 1

() TherelationRon {1, 2, 3, 4} defined by
(X,y) €ER if x2=>y

(i)  TherelationRon {1, 2, 3, 4, 5} defined by
(X,y) €R if 3 divides x-y
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7~ Domain and Range

Let R, a relation from A to B.

The set, { a€A | (a,b) €R for some beB }
Is called the domain of R.

The set, {beB | (a,b) €R for some a€A }
Is called the range of R.




eury /
" Example 3

Let R be arelationon X={1, 2, 3, 4}
defined by (X,y)ER ifx <y, and x,y EX.

Then,
R={(1,1), (1,2), (1,3), (1,4), (2,2), (2,3),
(2,4), (3,3), (3,4), (4,4)}

The domain and range of R are both
equal to X.
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" Example 4

let X={2,3,4}and Y ={3, 4, 5, 6, 7}
If we define a relation R from Xto Y by,
(X,y) €R If y/x (with zero remainder)

We obtain,
R={(2,4), (2,6), (3,3), (3,6), (4,4) }

The domain of R 1s {2,3,4}
The range of R is {3,4,6}
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7 Example 4(cont)

R=1(2.4], (2,6), (3,3). (3.6). (4.4) }

Arrovy diagram
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7z Exercise 2

Find range and domain for:

(i) The relation R={(1,2), (2,1), (3,3), (1,1), (2,2)}
on X={1, 2, 3}

(1) The relation Ron {1, 2, 3, 4} defined by
(X,y) €R if x°=>y
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2 Diagraph

An informative way to picture a relation on a
set Is to draw Iits digraph.

“*Let R be a relation on a finite set A.
“*Draw dots (vertices) to represent the
elements of A.

“*If the element (a,b)eR, draw an arrow
(called a directed edge) fromatob
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/-4/ Example 5

The relation £ on A ={a, b, c, d},
r={{a,a), la.b), (c, d), (d, c), (b.C)}
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r Example 6

Let
A={1234} and
R={(11),(12), (21),(22),(23), (24),
(3:4), (4,1)}

Draw the digraph of R
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Digraph

innovative e entrepreneurial e global www.utm.my




Example 7
Find the relation determined by digraph below

¢
o

Since a; R a; If and only if there Is an edge from a; to a;, so

R={(11),(1.3).(23),3.2), (3,3), (4.3)}
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7z Exercise 3

Draw the diagraph of the relation.

() R=1{(a),(b,b),(b,c);
() TherelationR on {1, 2, 3, 4} defined by
(X,y) €ER if x°=>y




Exercise 4

Write the relation as a set of ordered pair.
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7 Matrices of Relations

A matrix Is a convenient way to represent a
relation R from A to B.
= Label the rows with the elements of A (in
some arbitrary order)
= Label the columns with the elements of B
(In some arbitrary order)
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7~ Matrices of Relations

o Let ™M, =[m],, be the Boolean n x p matrix

My M .

My, My o F‘Hzp
J.MJE —

My My o My,

. :{1 if (a,b) e R

0 otherwise
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7 Example 8

@ The relation,
R={(1L.bL{1.dL{Zc)li3.cli3.b).(4a)}
from, X={1,2 3, 4}toY={a b, c d}

a b ¢ d d b a c

170 1 0 Iy 2/0 0 0 1IN
M, = 200 0 1 DorMR:3 0 1 0 1
300 1 1 0 470 0 1 0
4.1 0 0 0 1.1 1 0 EL,J
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7 Example 9

The matrix of the relation & from {2, 3, 4 }
to{5 6, 7,8} defined by

X Ky It x divides vy

S 6 7 8
270 1 0 1
3/0 1 0 0




/““/ Example

Let A={ag, b, c, d}
Let /R be a relation on A.
R ={(aaq)bb]cc)dd)lbc)lcb])}

a b ¢ d
a /1 0 0 OO
MR:E} 0 1 1 0
e |0 1 1 0O
d 0 0 0 1,




Example 10

An airline services the five cities ¢4, C,, C5, C, and Cc.
Table below gives the cost (in dollars) of going from c;
to c;. Thus the cost of going from c, to c;is RM100,
while the cost of going from c, to ¢, is RM200

from -----

140 100 150 200

02 190 200 160 220
C3 110 180 190 250
Cy 190 200 120 150

Cs 200 100 200 150

innovative e entrepreneurial e global www.utm.my
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If the relation R on the set of cities
A ={Cy, Cy, C3, Cyy C5} 2 Gy R ¢ If @and only If the
cost of going from ; to ¢; Is defined and less
than or equal to RM180.
) Find R.
I1) Matrices of relations for R
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Let A={1, 2, 3,4} and R is a relation from A to
A.
Suppose R ={(1,2), (1,3), (1,4), (2,3), (2,4) ,

(3.:4);

Exercise 5

= What is R (represent)?
= What Is matrix representation of R?




Exercise 6

Let A={1, 4, 5} and let R be given by the digraph
shown below. Find My and R
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7 In degree and out degree

If R Is a relation on a set A and a€A, then the in-degree of a (relative
to relation R) is the number of beA such that (b,a)eR.

The out degree of a is the number of beA such that (a,b)eR.

v

Meaning that, in terms of the digraph of R, Is that
the in-degree of a vertex Is

“the number of edges terminating at the vertex”
The out-degree of a vertex is

“the number of edges leaving the vertex”

www.utm.my
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" Example 11

Let A={a, b, c, d}, and let R be the relation on A
that has the matrix (given below)

M, =

O B O -
m, B P O
o B, O O
R O O O

Construct the digraph of R, and list in-degrees
and out-degrees of all vertices.




UTM
/@__,/ Exercise 7/
Let A={1, 4, 5} and let R be given by the digraph
shown below. list In-degrees and out-degrees of
all vertices.
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GI MALAYSIA

7~ Reflexive Relations

e Reflexive

— A Relation R on set A is called reflexive if every
acAisrelated toitself  OR

— Arelation R on a set X is called reflexive if all pair
(X,X) ER; Vx:XEX

e |rreflexive

— Arelation R on a set A is irreflexive if xRx or
(X,x) €R; Px:xEX

 Not Reflexive

— A Relation R is not reflexive if at least one pair of
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7 Example 12

The relation R on X ={1, 2, 3, 4} defined by (x,y)eR if
x<y, x,y €X 1s a reflexive relation.

For each element xeX, (x,x) ER
(1,1), (2,2), (3,3), (4,4) are each InR.

The relation R ={(a,a), (b,c), (c,b), (d,d)} on X={a, b, c,
d} is not reflexive.

This is because beX, but (b,b)&R . Also cé&X, but (c,c) &R
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7~ Reflexive Relations

The digraph of a reflexive relation has
lcop at every verfex.

example
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Reflexive Relations

e Reflexive

e |rreflexive
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7~ Reflexive Relations

The relation R is reflexive if and only It the
miatrix of relation has 1's on the main

diagonal.
| a b ¢ d
example
a (1 0 0N
b ] 0
c | 0 1™
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7~ Reflexive Relations

The relation R is irreflexive if and only if the matrix
relation have all 0’s on its main diagonal
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7~ Reflexive Relations

The relation & Is not reflexive.

a b ¢ d
. 1
a1 0 0 0 e
b D@ 1 0O (b,b) & R
c! 0 1 1 0
d\0 0 0 1)
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Exercise 8

» Consider the following relations on the set
{1,2,3}:

R={(1,1), (1,2), (2,1), (2,2), (3,1), (3,3)}
R,={(1,1), (1,3), (2,2), (3,1)}

R;={(2,3)}

R,={(1,1)}

Which of them are reflexive?
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(1)

Exercise 9

_et R be the relation on X={1,2,3,4} defined
oy (X,Y) ER If x<y, x,y eX. Determine whether

R 1S a reflexive relation.

(1) The relation R on X={a,b,c,d} given by the

below diagraph. Is R a reflexive relation?

‘@

o
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7z Exercise 10

Let A={1,2,3,4). Construct the matrix of relation of R.
Then, determine whether the relation is reflexive, not
reflexive or irreflexive.

() R= {((1,1))), (1,2), (2,1), (2,2), (3,3), (3,4), (4,3),
4.4

(i R={(13),(11),31),(1.2), 33), (44);

(i R={(12),(1.3),(3,1), (1,1), 3.3), (3,2), (1,4), (4.2),
(3.4)}

(Iv) R={(1,2),(13),(3,2), (1,4), (4.2), (3,4)}
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7~ Symmetric Relations

A relation R on a set X is called symmetric
If for all x,yex, if (x,y) eR, then (y,x) eR.

vx,y €X, (X,y) ER — (y,X) ER

Let M be the matrix of relation R.

The relation R is symmetric if and only if
for all i and |, the ij-th entry of M is equal to the ji-
th entry of M.




metric Relations

The matrix of relation Mg is symmetric if

MIH — fﬂHT
I a b ¢ d
exXdample _ )
P a1 0 0
Bl 0o O 1 0
Mg = = MgT
oclo 1 0 o0 :
d 10 0 0 1
. _J




metric Relations

The digraph of a symmetric relation has
the property that whenever there is g
directed edge from v to w, there is also a
directed edge from w fo v.
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7 Example 13

@ [herelation kR ={ (ag,aq), (b,c), (c.b], (d.d)]}
cnA={aq b c d}

a b ¢ d
a1l 0 0 o

(b,c) e R 5 |
O o 1 0

(c,b) e R symmedtric
c (O 1 0 0
d\0 0 0 1)




7z Antisymmetric

A relation R on set A Is antisymmetric If azDb,
whenever aRb, then bRa. In other word if
whenever aRb, then bRa then it implies that a=b

vabeA (ab)eRAazb— (b,a) &R
Or
vab€eA, (ab)eRA(b,a)ER—> a=b
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7 Antisymmetric Relations

 Matrix Mr= [Mij] of an antisymmetric relation R
satisfies the property that if iz, then mij=0 or
m;i=0

 If RIs antisymmetric relation, then for
different vertices 1 and j there cannot be an
edge from vertex | to vertex | and an edge
from vertex | to vertex |

At least one directed relation and one way
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7z Example 14

 LetR be arelationon A={1, 2, 3} defined as
(a,b) e Rifa>b, a, b e Alsanantisymmetric
relation because foralla, b € A, (a, b) € Rand
a =D, then (b, a) ¢ R, for example
(3,2) e Rbut (2, 3) ¢ R
(3,3) e Rand (3. 3Y e Rimnliesa=b




ﬁ/ExampIe 15

@ TherelationRonxX={1,2,3 4}
defined by,

Xyl el Ifx=y xyed

2 3 4
1(1 1 1 1)
(1L.2JeR 20o 1 1 1| antisymmetric
GleXR (0 0 1 1
4 R.E 0 0 L;

- : Al




/‘*'/ Example 16

The relation

E = { [':Ir':r}-' ibrbjl-' |:'::-":JII } d E? C
onA={a, b c} a (1 0 o
R has no members of the b10 1.0
form (x,v) with x=y, Then R c \0 0 1,

s anfisymmetric
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/-»/ Asymmetric

Arelation is asymmetric if and only if it is both
antisymmetric and irreflexive.

The matrix Mg - [m;] of an asymmetric relation R
satisfies the property that

If m;=1thenm; =0
m; = 0 for all i (the main diagonal of matrix Mg consists entirely of
0’s or otherwise)
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/““/ Digraph

 If Ris asymmetric relation, then the digraph of R
cannot simultaneously have an edge from vertex i to
vertex j and an edge from vertex j to vertex |

 All edges are “one way street” and no loop at every

vertex
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7z Example 17

e Let R be the relation on A ={1, 2, 3} defined by
(a,b) e Rifa>b, a,beA s an asymmetric

relation because,
(2,1) eR
(3,1) eR
(3,2) €R

out (1, 2) ¢
out (1, 3) ¢

out (2, 3) ¢

Q
Q

R

(1,1) 2R, (2,2 2R, (3,3) ¢R
1
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Not Symmetric

e LetR be arelationon aset A. ThenR is called not
symmetric, if foralla, b € A, if (a, b) € R, there exist
(b, a)&R.

Ja,beA (a,b)eR— (b,a)¢R




7 Not Symmetric AND not

antisymmetric

o LetR bearelationon aset A. Then R is called not
symmetric and not antisymmetric, if foralla, b € A, If
(a, b) € R, there exist (b, a)¢R and if (a, b) € R, there
exist (b, a)eR.

Ja,b €A, (a,b)eR—(b,a) ER
AND
Ja,beA (a,b)eR— (b,a)¢R
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7z Example 18

« Relation R ={(a, c), (b, b), (c, a), (b, @), (a, a)}
on A ={a, b, ¢} Is not symmetric and not
antisymmetric relation because there is,

(a,c), (c,a) € Rand also (b,a) € R but (a,b) € R

B
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@ [herelation R ={|aq), (b,c), (c,b), (d,d]}
ocnA={a b c d}

Example 19

{,f- b ¢ fi Symmetric
a1 0 0 0) and
Ebgfi b0 0(1) 0| not
C e
b r'lr- ' - '
c |0 'hD 0 ol| antisymmetric
d ﬂ 0 0 I_f_,




/“/ Example 20
1. Let A=Z, the set of integers and let
R={(a,b)eA><A| a<b}. So that R Is the relation

“less than”.
Is R symmetric, asymmetric or antisymmetric?

2. Let A={1,2,3,4} and let R ={(1,2), (2,2), (3,4),
(4,1)}

Determine whether R symmetric, asymmetric or
antisymmetric.
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Question 1

Solution

«Symmetric : If a<b, then it is not true that b<a, so R is not symmetric
*Assymetric : If a<b then b>a (b is greater than a), so R is assymetric
sAntisymmetric : If a$b, then either a>b or b>a, so R is antisymmetric

Question 2

*R is not symmetric since (1,2)€R, but (2,1)¢R
R Is not asymmetric , since (2,2)eR
*R Is antisymmetric, since a#b, either (a,b)¢R or (b,a)&R

(L [)
innovative e entrepreneurial e global WwWwW.utm.my



ﬂ;‘ Symmetric
@ Not Symmetric G@

Antisymmetric
©
Asymmetric 92
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Exercise 14

» Consider the following relations on the set
{1,2,3}:

R,={(1,1), (1,2), (2,1), (2,2), (3,1), (3,3)}

R,={(1,1), (1,3), (2,2), (3,1)}

R5={(2,3)}

R={(1,1)}

Which of them are symmetric?

Which of them are antisymmetric?
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7z Exercise 15

Let A={1,2,3,4). Construct the matrix of relation of R. Then,
determine whether the relation is symmetric, assymetric,
antisymmetric, not symmetric or not antisymmetric.

() R={(11),(12),(21) (2,2),3,3) (3,4), (43), (4,4))
(i) R={(13),(1,1),3,1), (1,2), 3,3), (4,4);
(i) R={(1,2),(1,3), (1,1), (3,3), (3,2), (1,4), (4,2), (3,4)}

www.utm.my
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©OUTM . .
7~ [ransitive Relations

o Arelation R on set A is transitive if for all a,b €A,
(a,b) eR and (b,c) eR implies that (a,c) eR

* Inthe diagraph of R, R Is a transitive relation if and
only if there is a directed edge from one vertex a to
another vertex b, an if there exits a directed edge
from vertex b to vertex c, then there must exists a
directed edge fromatoc




Example 21

R={(1,1), (1,2), (1.3), (2,2), (2,3), (3,3)}

The diagraph:




et /
r Exercise 16

« Consider the following relations on the set
{1,2,3}:

R={(1,1),(1,2),(2,3)}
R2={(1 !2)5(2’3)i(1 :3) }
Which of them is transitive?

11




7~ [ransitive Relations

The matrix of the relation My, Is
transitive if

Mg ® Mg = Mg

® Is the product of boolean




Boolean Algebra

+[ 1 0 1 0
111 1 11 O
0O/ 1 0 0] 0 O
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" Example 22

The relation R on A={1,2,3} defined by (a,b) eR if a<b, a,b €A, Is
a transitive. The matrix of relation My

1 2 3
11 1 1]
M, =

2(0 1 1

The product of boolean, 0 0L
1 1 1] (1 1 1 1 1 1
0 1 1l®|0 1 1j= 10 1 1
0 0 1 0 0 1] 0 1]

Note that,(1,2) and (2,3)<R, (1,3)eR

innovative e entrepreneurial e global WwWwW.utm.my
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The relation R on A={a,b,c,d} IS r={(a,a), (b,b), (c,c), (d,d), (a,c),
(c,b)} Is not transitive. The matrix of relation My

The product of boolean,

a
b
C

d

Note that,(a,c) and (c,b)€R, (a,b
m - 70 n

a

o O O -

o r =, O T

c d
1 0

o - O
o

abcd
al 1 1 0
oy
M.=b|0 1 0 0™
clO 110
d(0O O 0 1
‘a b c d 2
al1 01 0 Z(l)
@blo10 0=
clo11 0 c|0
d 0 0 0 1- d Lo
a,b)&R

Example 23

M. ® Mg # M,

O O O Q9
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" Example 24

Let R be a relation on A={1,2,3} is defined by (a,b) R if a<b,
a,b€A. Find R. Is R a transitive relation?

Solution:
R={(1,1), (1,2), (1.3), (2,2), (2,3), (3,3)}
R is a transitive relation because

(1,2) and (2,2)eR, (1,2)eR 1 1 1
(1,2) and (2,3)eR, (1,3)eR 0 1 1l®
(1,3) and (3,3)eR, (1,3)eR 00 1
(2,2) and (2,3)€R, (2,3)eR . _
(2,3) and (3,3)<R, (2,3)eR

www.utm.my
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7~ Equivalence Relations

Relation R on set A is called an equivalence relation if it is a
reflexive, symmetric and transitive.

Example 25
Let R={(1,1), (1,3), (2,2), (3,1), (3,3)} on {1,2,3}, the matirx of the
relation Mg, 1 2 1
11 0 1]
M, =
210 1 O
3L1 0 1.

All the main diagonal matrix elements are 1 and the matris is
reflexive.

innovative e entrepreneurial e global WwWwW.utm.my
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7~ Equivalence Relations

Example 25(Cont.)

The transpose matrix Mg,M . is equal to M, so R is symmetric

3L
The product of bool

3

2
0
1
0

R, O Kk -

1
0
1

ean sho

1
X |0
1

that the matrix Is

1]
0
L

1
1

0
1

o

O O N

~+

o

lIAOIAICJQ

ransitive.

1
0
L
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artial Order Relations

Relation R on set A is called a partial order relation if itis a
reflexive, antisymmetric and transitive.

Example 26

Let R be a relation on a set A={1,2,3} defined by (a,b) R if a<b,
a,beR.

R={(1,1), (1,2), (1,3), (2,2), (2,3), (3,3)}
R is reflexive, antisymmetric and transitive.

So R is a partial order relation.

innovative e entrepreneurial e global WwWwW.utm.my
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7z Exercise 17

The relation R on the set {1,2,3,4,5} defined by the rule (x,y) eR
If Xx+y<6

1) List the elements of R
1) Find the domain of R
i) Find the range of R

Iv) Is the relation of R refelxive, symmetric, assymmetric,
antisymmetric, transitive, and/or equivalence relation or
partial order?

innovative e entrepreneurial e global WwWwW.utm.my
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7z Exercise 18

The relation R on the set {1,2,3,4,5} defined by the rule (x,y) eR
If 3 divides x-y

1) List the elements of R
1) Find the domain of R
i) Find the range of R

Iv) Is the relation of R refelxive, symmetric, assymmetric,
antisymmetric, transitive, and/or equivalence relation or
partial order?

innovative e entrepreneurial e global WwWwW.utm.my
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7z Exercise 19

The relation R on the set {1,2,3,4,5} defined by the rule (x,y) eR
If x=y-1

1) List the elements of R
1) Find the domain of R
i) Find the range of R

Iv) Is the relation of R refelxive, symmetric, assymmetric,
antisymmetric, transitive, and/or equivalence relation or
partial order?

innovative e entrepreneurial e global WwWwW.utm.my




