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........................ Relations on Sets

* The most basic relationis “=" (e.g. x=y)

* Binary relation is a subset of the Cartesian
product of two sets.

 Example: A and B are two sets. Define a relation R
from A to B.

(x,v) € AxB and R C AxB,
xRy < (x,y) €R.

» If (x,y) €R, wherex €A and y €B, can be
written as: x Ry =>xisrelated to y.

> If (x,v) éR, where x € A and y €B, can be
written as: x Ry =>x is not related to y.
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™ :
OUTM /" Relations on Sets ...
ﬁ/

To show the relations, we can use one of the options:

a) Use traditional notation:
0<1,0<2,0<3,1<2,1<3,2<3

b) use set notation: R={(0,1),(0,2),(0,3), (1,2),(1,3),(2,3)}

c) use Arrow Diagrams:

R={(OI1)I(OI2)I(OI3)I (112)1(1I3)'(213)}
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uuuuuuuuuuuuuuuuuuuuuuuuuu Example

Suppose that,

A = {Ipoh, Kangar, Segamat, Kemaman, Kuantan,
Dungun}; and

B = {Terengganu, Johor, Perak, Perlis, Pahang}.

If a€A,bEB  and the relation between a and b is defined

as “a 1s a city 1n the state b”,

R = {(lpoh, Perak), (Kangar, Perlis), (Segamat,
Johor), (Kuantan, Pahang), (Kemaman,
Terengganu), (Dungun, Terengganu)}.

Then,




uuuuuuuuuuuuuuuuuuuuuuuuuu Exam ple

A and B are sets, where A = {1, 2, 3, 4},
B={p,q,1}.

Detine a relation S from A to B as follows:

S=11,9,(2,1,3,q), @ p),and S &
AXB

Questions: 1) Is185q? 1) Is385p?
Solution: 1) Yes, 11) No.




uuuuuuuuuuuuuuuuuuuuuuuuuu Exam ple

Define a relation L from R to R as follows: For all
real numbers x and y,

xLysx<y.

Questions:

1) Is57L 537

1) Is(-17)<-147?
111) Is 143 L 1437
1v) Is(-35)L 17




IIIIIIIIIIIIIIIIIIIIIIIIII EXam ple

Define a relation £ from Z to Z. as follows: For all
(m,n) € ZxZ.,

mkE n< m-nis even.

Questions:

1) Is4 E0?

1) Is2 E6?

1) Is3 E(-3)?

v) IsSE2?

v)  List 5 integers that are related by £ to 1.




.......................... Exercise # 1

Let A=1{3,4,5} and B ={2,4,6,8,10} and R be the
relation from A to B defined by,

(a,b)ER, if2a<b+1

Write the ordered pair of R.




IIIIIIIIIIIIIIIIIIIIIIIIII

— Domain & Range

Let R, a relation from A to B.

The Domain of relations R is the set of all first elements in
ordered pairs (a,b) which is the element of R,
{a€A| (a,b) ERforany b E B}

The Range of relations R is the set of all second elements
in ordered pairs (a,b) which is the element of R,
{beB| (a,b) ERforanya E A}
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IIIIIIIIIIIIIIIIIIIIIIIIII

— Example

Let R be a relation on X =11, 2, 3, 4}
defined by (x,y)€ Rifx <y, and x,y € X.

Then,
R=1{(1,1), (1,2), (1,3), (1,4), (2,2), (2,3),
(2,4), (3,3), (3,4), (4,4)}

The domain and range of R are both equal to X.




........................ Example
2 i

let X=1{2,3,4}andY={3,4,5,6, 7}
If we define a relation R from Xto Y by,
(x,y) € Rif y/x (with zero remainder).

We obtain,
R={(2,4),(2,6), (3,3),(3,6),(4,4) }

The domain of R is {2,3,4}
The range of R is {3,4,6}




Exam P le (cont’d)

R=1(24),(2,6). (3,3). (3,6, (4,4) }

Arrow diagram
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7 Exercise # 2

Find range and domain for:

(i) The relation R ={(1,2), (2,1), (3,3), (1,1),
(2,2)} on X ={1, 2, 3}

(ii)) The relation Ron {1, 2, 3, 4} defined by
(x,V)ERIifx? =y




IIIIIIIIIIIIIIIIIIIIIIIIII

. Directed Graph

An informative way to picture a relation on a

set is to draw its directed graph (digraph).

** Let R be a relation on a finite set A.

*»* Draw dots (vertices) to represent the
elements of A.

¢ If the element (a,b) € R, draw an arrow
(called a directed edge) from a to b.




Example

The relation R on A ={q, b, c, d},
R={({a, a), (a, b), (c,d), (d,c), (b.c)}

d i
> ——
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P Example

A={1,234}, and
R={(1,1),(1,2), (2,1), (2,2), (2,3), (2,4),
(3,4),(4,1)}

Draw the digraph of R.
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Digraph
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Example

Find the relation determined by digraph below.

Since a; R g; if and only if there is an edge from g;to a,, so

R=1{(1,1),(1,3),(2,3), (3,2), (3,3), (4,3)}
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— Exercise #3

Draw the digraph of the relation.
(i) R={(a,6), (b,2), (a,1), (c,1)}

(ii)) The relation Ron {1, 2, 3, 4}
defined by (x,y) ERifx’>y




iii) Based on the digraph below, write the relation
as a set of ordered pair.
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@UTM/ Representing Relations Using
¢ Matrices

A relation is defined to be a set of pairs, but it can also be
represented in other ways, e.g., by matrix.
" A matrix is simply a rectangular array of numbers.
= |f a matrix has n rows and m columns, we call it an
n X m matrix.
= |n a matrix M, the number at the intersection of its
i-th row and j-th column is written as M.

www.utm.my



@UTM ....(cont’d)

IIIIIIIIIIIIIIIIIIIIIIIIII

A matrix is a convenient way to represent
a relation R from A to B.
" Label the rows with the elements of
A (in some arbitrary order).
" Label the columns with the elements

of B (in some arbitrary order).




....(cont’d)

Let A={q,, q,,..., a,} and B={b,, b,,..., bp}
pe finite nonempty sets.

Let R be a relation from A into B.

Let Mg = [m;] o D€ the Boclean nxp mairix,
where

1 if (a,.b,)eR

.. =<

" 10 otherwise




Mg

My

My,

ni nl

M

My,

)

n]lp

n,

....(cont’d)
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i Example

Let A={1, 3,5} and B ={1,2}. Let R be a relation
fromAtoBandR={(1,1), (3,2), (5,1)}. Then the
matrix represent R is:

1 0
0 1
1 0




Example

@ The relation,
R={(1.b).(1.d).(2,c).(3.c).(3.0]).(4.q) }
from, X={1,23,4}toY={q, b, c d}

a b ¢ d d b a c
170 1 0 I 2/0 0 0 1N
210 0 1 O 301 0 1
310 1 1 0O 4.0 01 O
4\1 0 0 0/ 1\1 1 0 0,




Example

The matrix of the relation R from {2, 3, 4 }
to{5, 6,7,8} defined by

X Ry if x divides y

o

S w

— O\
|
(ve)

-
—

o O O -
o

3
410 0




Example

et A={q, b, c, d}
Let R be arelation on A.
R={(aq).(b,b).(c.c)(dd).(b.c).lcDb)}

a b ¢ d
a /1 0 0 O
b0 1 1 0
c |0 1 1 O
d 0 0 0 1)




IIIIIIIIIIIIIIIIIIIIIIIIII

P Example

Let A={1, 2, 3,4} and R is a relation on A.
Suppose R ={(1,2), (1,3), (1,4), (2,3), (2,4),
(3,4)}

i) Whatis R (represent)?

i) What is the matrix for R?
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— In Degree and Out Degree

If R is a relation on a set A and a € A, then the in-degree of a
(relative to relation R) is the number of b € A such that (b,a)e R.

The out degree of a is the number of b € A such that (a,b)e R.

N

Meaning that, in terms of the digraph of R, is that
the in-degree of a vertex is

“the number of edges terminating at the vertex”
The out-degree of a vertex is

“the number of edges leaving the vertex”
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— Example

Let A={q, b, ¢, d}, and let R be the relation on A
nat has the matrix (see below). Construct the
igraph of R, and list in-degrees and out-

t
C

C

egrees of all vertices.

1

Mg = | 0
1

0

p_ap_ap_ao




Solution

In-degree
Out-degree 1 1 3 2

o]
&




vvvvvvvvvvvvvvvvvvvvvvvv Exercise #4
<

Let A={1, 4, 5} and let R be given by the digraph shown
below. Find M, and R. Then, list the in-degree and the out-
degree.




Example

An airline services the five cities ¢, c¢,, ¢;, ¢, and c..
Table below gives the cost (in dollars) of going from ¢,
to ¢;. Thus the cost of going from c; to c;is $100, while
the cost of going from ¢, to ¢, is $200

To c, C, C, Cs
from
C; 140 100 150 200

C, 190 200 160 220
Cg 110 180 190 250
C, 190 200 120 150

Cs 200 100 200 150
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If the relation R on the set of cities
A ={cy €5 €3 Cy Csh i C; R c; if and only if the cost
of going from c; to ¢; is defined and less than or
equal to $180. Find R.

Solution:

R="{(cuc,) (€1,635), (cpcy), (€1€,),
(c3, €1), (€3,C5), (€4C5), (€yC5), (C40C5),
(c5,C5), (C5,C4)}




Characteristics of Relations
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— Reflexive Relations

= | et R be arelation on a set A. Then R is called
reflexive if (x,x) € R for every x € A that is, if
xRx for all x € A.

» The matrix of reflexive relation must have the
value 1 on its diagonal.

" Digraph R will have a loop at every vertex.




Reflexive Relations

Matrix

a b c

S 9

™

2
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V. Irreflexive Relations

= | et R be arelation on a set A. Then R is called
irreflexive if (x,x) & R for every x € A.

® The matrix of reflexive relation must have the
value 0 on its diagonal.

" Digraph R will not have any loop at every
vertex.




Irreflexive Relations

Digraph Matrix

KON 1 0)
1 OO0
\1 1
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V. Not Reflexive Relations

= | et R be arelation on a set A. Then R is called
not reflexive if there exist (x,x) 9’-5 R for x € A.

® The matrix of reflexive relation will have the
value 0 and 1 on its diagonal.

" Digraph R will have some loop at some
vertices.




Not Reflexive Relations

Matrix

a b ¢ d
a1 0 0 0)
bl 0(0)1 o
c, 0O 1 1 0
d\o 0 0 1/




IIIIIIIIIIIIIIIIIIIIIIII

p— Example

The relation Ron X ={1, 2, 3, 4} defined by
(x,y) €ERifx <y, x,yE€ X. Determine whether

R is a reflexive relation.

Solution:

For each elementx€ X, (x,x) € R
=>(1,1), (2,2), (3,3), (4,4) are each in R.




Example

The relation R ={(a,a), (b,c), (¢,b), (d,d)} on X =
{a, b, c, d}is not reflexive. Why?

Solution:

This is because b€ X, but (b,b)¢R. Also cE X,
but (¢,c)€R.




Exercise 1

« Consider the following relations on the set
{1,2,3}:

R={(1,1), (1,2), (2,1), (2,2), (3,1), (3,3)}
R,={(1,1), (1,3), (2,2), (3,1)}
R;={(2,3)}

R,={(1,1)}
Which of them are reflexive?




Exercise 2

The relation R on X={a, b, c, d} given by the below
digraph. Is R a reflexive relation? Justify your answer.

o
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— Exercise 3

Let A={1,2,3,4). Construct the matrix of relation of R.
Then, determine whether the relation is reflexive, not
reflexive or irreflexive.

(I) R1 = { (111)1 (1/2)1 (211)1 (212)1 (313)1 (314)/ (4/3)1
(4,4))

(”) RZ = { (111)1 (112)/ (1/3)/ (3/1)1 (313)/ (4/4)}

(“I) R3 ={ (111)1 (112)1 (113)1 (114)1 (311)1 (3/2)1 (313)1
(3,4), (4,2)}

(IV) R4 ={ (112)1 (113)/ (1/4)/ (3/2)1 (314)/ (4/2)}




IIIIIIIIIIIIIIIIIIIIIIIIII

P Symmetric Relations

A relation R on a set X is called symmetric if for all
x,yE€ X, if (x,y) € R, then (), x) € R.

Vxy €X (xy) €ER—=(x) €ER

Let M be the matrix of relation R.

The relation R is symmetric if and only if
for all i and j, the ij-th entry of M is equal to the ji-th

entry of M.




Symmetric Relations con,

The matrix of relation Mg is sysnmetric if

f "AR - f "A RT
example a8 ¢ a
X - -

P a /1 0 0 O
b0 0 1 0

Mp = = MoT

R clo 1 0 o !
dl 0 0 0 1
o /




Symmetric Relations o,

The digraph of a symmetric relation has
the property that whenever there is @
directed edge from v to w, there is alsc a
directed edge from w o v.




Example

@ [herelationR ={(qg,q), (b,c), (c,b), (d,d) }
onX={a, b, c d}

a b ¢ d
a1 0 0 0)

(b,c) € R |
(¢,b) € R b10 0 1 0 symmetric
c O 1 0 0O
d\0 0 0 1)
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V. Antisymmetric

= Avrelation R on set A is antisymmetric if aZ£b,
whenever aRb, then bRa.

= |n other word if whenever aRb, then bRa then it
implies that a=b

Vab€ A (a,b) ERNa+tb—(b,a)4R
Or
Vab €A, (a,b) ERN (b,a) ER— a=b




IIIIIIIIIIIIIIIIIIIIIIIIII

P Antisymmetric (cont)

* Matrix M= [M,] of an antisymmetric relation R
satisfies the property that if i%j, then m =0 or
m,=0.

* |f Ris antisymmetric relation, then for
different vertices i and j there cannot be an
edge from vertex i to vertexj and an edge
from vertex j to vertex i.

* At least one directed relation and one way.




IIIIIIIIIIIIIIIIIIIIIIIIII

— Example

 Let R be arelationon A={1, 2, 3} defined as
(a, b)) ERifa=b;a, b&E Aisan antisymmetric
relation because for all a, b €A, (a, b) € R and
a = b, then (b, a) & R.

e Forexample: (3,2)ERbut(2,3) &R

(3,3)€Rand (3, 3) € Rimpliesa=5




Example

@ TherelationRonX={1,2, 3,4}
defined by,

(v} eR ifx<y xyeX

1 2 3 4
1(1 1 1 1
(1.2) e R 210 1 1 1| antisymmetric
2.1 &R
(1) ¢ 300 0 1 1
40 0 0 1)




Example

The relation

R={la.q), (b,b), (c.c)}

onX={a, b, c}

R has no members of the
form (x,v) with x=y, then R C
Is antisymmetric

a b
1 0
0 1

0 0

c
0)

0
Y
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Asymmetric
r !

= |etRbearelationon onasetA. Then R is called
asymmetric if Va,b € A, if (a,b) € R, then (b, a) & R.

Vab €A, (a,b) € R— (ha)¢R

" |n this sense, a relation is asymmetric if and only if it is
both antisymmetric and irreflexive.

= The matrix M, _[m;] of an asymmetric relation R
satisfies the property that,

If m;=1thenm;=0
m.. = 0 for all i (the main diagonal of matrix M, consists entirely
of 0’s or otherwise)
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7 Asymmetric (cont)

" If Ris asymmetric relation, then the
digraph of R cannot simultaneously have
an edge from vertex i to vertexj and an
edge from vertexj to vertex i

" All edges are “one way street”.
" M zM_T
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Example

Let R be the relation on A ={1, 2, 3} defined by
(a, b)) ERifa>b; a,b & Aisanasymmetric

relation because,

(2, 1) ER
(3, 1) ER
(3,2) ER

out (1, 2) € R
out (1, 3) € R

out (2, 3) € R
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Not Symmetric
a2 !

Let R be a relation on a set A. Then R is called
not symmetric, if foralla, b €A, if (a, b) ER,
there exist (b, a) € R.

Ja,b €A, (a,b) €ER A (b, a) & R




©OUIM Not Symmetric AND
4 Not Antisymmetric

Let R be a relation on a set A. Then R is called not
symmetric and not antisymmetric, if and only if

da,b €A, (a,b) €ERA(b,a)4R
AND
JabEA (a, b)) ERANa+b A (b,a) ER




IIIIIIIIIIIIIIIIIIIIIIIIII

P Example

Relation R ={(aq, ¢), (b, b), (c, a), (b, a), (a, a)} on A
={a, b, c} is not symmetric and not antisymmetric
relation because there is,

(a,c), (c,a) € R and also (b,a) € R but (a,b) € R

e
b




Example

@ TherelationR ={(qg,q), (b,c), (c,b), (d,d) }
onX={aq, b, c d}

/a b ¢ d\ Not Symmetric
a1 0 0 0) and
GasR 310 0(1) 0| not
(¢,b) € R . |
c o @ 0o 0| antisymmetric
d \0 0O 0 1/




Summary

(0 . | symmetric
o% -

Not Symmetric — G@
5‘ <  Antisymmetric
©
Asymmetric —
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— Exercise 4

Let A={1,2,3,4} and let R ={(1,2), (2,2), (3,4), (4,1)}

Determine whether R is symmetric, asymmetric or
antisymmetric.




Exercise 5

Let A=Z, the set of integers and let,

R ={(a,b) € AXA| a<b}.
So that R is the relation “less than”. Is R symmetric,
asymmetric or antisymmetric?




Exercise 6

« Consider the following relations on the set
{1,2,3}:

R.={(1,1), (1,2), (2,1), (2,2), (3,1), (3,3)}
R,={(1,1), (1,3), (2,2), (3,1)}

R,={(2,3)}

R,={(1,1)}

Which of them are symmetric?

Which of them are antisymmetric?




uuuuuuuuuuuuuuuuuuuuuuuuuu Exercise 7

Let A={1,2,3,4). For each question below (i —iii),
construct the matrix of relation of R. Then, determine
whether the relation is symmetric, asymmetric, not
symmetric or antisymmetric.

(i) R={(1,1),(1,2),(2,2),(2,2),(3,3), (3,4),
(4,3), (4,4))
(i) R=1(1,1),(1,2),(1,3), (3,1), (3,3), (4,4)}

(iii) R =1 (1,1), (1,2), (1,3), (1,4), (3,2), (3,3),
(3,4), (4,2)}
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. Transitive Relations

A relation R on set A is transitive if for all a,b,c € A, if
(a,b) and (b,c) €ER, then (a,c) ER

V(a,b)EA,(a,b)ERA(b,c)ER — (a,c)ER
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P Transitive Relations (cont)

Normally, the matrix of the relation M, is
transitive if

M, ® M, = M,

®: product of Boolean




How to do Product of
Boolean

AIADvOAO)vAAO)Vv(0AO0)=1

I
S
S

(1AO)VZOAI)V(IAI)V(OAO)=1

_L O
)
0

o = O = O




Example

 Consider the following relations on the set
{1,2,3}:

R,={(1,1),(1,2),(2,3)}
R2={(1 ’2)v(2a3)’(1 ’3) }
Which of them is transitive?

Solution:

R, is not transitive because (1,2) € R A (2,3) € R, but (1,3)€R
R, is transitive because (1,2) E RA(2,3) €ER> (1,3) €ER
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 a Example

The relation R on A={a,b,c,d}is R ={(a,a), (b,b), (c,c), (d,d), (a,c),
(c,b)}is not transitive. The matrix of relation M,

a b ¢ d

al 1 ] 0]

OARY

MR=b01OO\\MR®MR¢MR

The product of boolean, cl0 110

dL0 0 0 14
a b ¢ d a b ¢ d a\llbcd
al1 01 0] al1 01 0] al1 1 0]
b0 1 0 0 bl[o 1 00l  »[0 100
00110®00110_00110
dlLo 0 0 1 dlLo 0 0 1 dlo 0 0 1_
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7 Exercise 8

Let R be a relation on A={1,2,3} is defined by
(a,b)=Rifa<b, a,b € A.

i) Find R.
i) Is R a transitive relation?
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— Equivalence Relations

Relation R on set A is called an equivalence relation if
it is a reflexive, symmetric and transitive.

Example: Let R={(1,1), (1,3), (2,2), (3,1), (3,3)} on {1,2,3}, the
matrix of the relation M,,

3
1
0

[
[
S = O N

L

All the main diagonal matrix elements are 1, so it is reflexive.
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| Equivalence Relations e

The transpose matrix M,, Mpis equal to Mg, soR is

symmetric.
1 2 3 1 2 3
111 0 17 - =
M, - MT=1 1 0 1
200 1 0|2y MeTalo 1
311 O 1_ 3L1 0 1.
The product of Boolean show that the matrix is transitive.
1 0 1 1 0 1] [1 0 1]
01 0 |0 1 O=10 120
1 0 1 1 0 1 1 0 L
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— Partial Order Relations

Relation R on set A is called a partial order relation if it
is a reflexive, antisymmetric and transitive.

Example: Let R be a relation on a set A={1,2,3} defined by
(a,b) e Rifa<b, a,b ER.

R ={(1,1), (1,2), (1,3), (2,2), (2,3), (3,3)}
R is reflexive, antisymmetric and transitive.

So R is a partial order relation.
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— Exercise 9

i) The relation R on the set {1,2,3,4,5} defined by the
rule (x,y)ER if x+y<6.

(i) List the elements of R.
(ii)) Find the domain of R.
(iii) Find the range of R.

(iv) Is the relation of R reflexive, symmetric,
asymmetric, antisymmetric, transitive, and/or
equivalence relation or partial order?
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