Chapter 6: Vectors
6.1 Vectors in 3-dimensional space
6.2 Scalar Products
6.3 Vector products

6.4 Lines and Planes in space



6.1 Vector in 3-Dimensional Space

A vector Is a quantity that has both magnitude
and direction.

Q (terminal point)

P (initial point)

Any point in 2-dimensional plane or 3-
dimensional space can represent a position
vector.
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A vector can be written as PQ, or a, or a.



Two vectors are equal if both vectors have the
same magnitude and direction.
y

A

/
e

a
/ c
» X

If v =kw with k as a constant, then v and w are
parallel vectors.
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Any vector that has a magnitude of one unit Is
called a unit vector.

Three standard unit vectors are: 1, j and k.

Vectors 1, J and k can be written in components
form:

i =(1,0,0), j=(0,1,0) and k = (0,0,1)

Any vector can be written as a linear combination
of the vectors 1, j and k



3-D Coordinate System
The Cartesian coordinate system Is right-handed.
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x X =constant (x,y,0)

The coordinate planes divide space into 8 octants:
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The position vector OP of a point z,y,z in

space Is the vector from the origin to the point. It
can be expressed in the form

OP = xi+ yj+zk=(x,Y,2).
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The displacement vector P P, from the point
P = x,,y,,2, tothepoint P,= z,,y,,2, can be
computed from the coordinates of the points by
the formula
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Ph=z—x 1+ y,—y J+ 2,—2 k
or
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BE,=(2, =%y, — 1,2, — %)

p OPy =x5i + y,j + 25k

P’z(-xza Y2, ZZ)

O_&PI =x|i—|-y1j +Z1k






Properties of vectors in space

Let v=(v,,V,,v;)and w = (w,,w,,w,) be
vectors In 3-dimensional space, and k is a
constant.

1. v=w if and only if
V, =W,,V, =W,,V, =W,.

2. The magnitude of v is [V = \v,” +Vv,” +Vv,”.

3. The unit vector in the direction of v is
v o (V,,V,, V)

v
4. V4+W=(V, +W,,V, +W,,V; +W,)
5. kv = (kv kv, kv,)

6. Zero vector is denoted as 0= (0,0,0).
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Example: Express the vector P(Q if it starts at
point P =(6,5,8) and stops at point Q =(7,3,9) In
components form.

Example: Given that a=(31-2), b=(-16,4).
Find

(@ a+3b (b) b

(c) a unit vector which is in the direction of b.
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6.2 The Scalar Product (The dot product)

The scalar product between two vectors
V=(V,,V,,Vy)and w = (W, W,, W, ) is

V-W =|V|w|cosé
where @ Is the angle between v and w.
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Example:
If v=21—)J+k, w=1+]+ 2K and the angle

between v and w is 60°, find v-w.

Theorem 6.1:
If v=(v,,v,,v;)and w=(w,,w,,w,), then the

scalar product v-w Is

VW= (V) V,, V) (W, W, , Wy )
=V,W, +V,W, +V,W,
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Example:

Given that u =(2,-2,3), v=(581) and
w =(—-4,3-2), find

@u-v (b) uvw (c)u- v+w
(d) the angle between u and v

(e) the angle between v and w.

Example:
Let A=(4,1,2), B=(3,4,5) and C=(5,3,1) are the
vertices of a triangle. Find the angle at vertex A.
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Theorem 6.2:

The nature of an angle @, between two vectors u
and v.
1. @ i1san acute angle ifandonly if u-v >0

2. @ 1s an obtuse angle if and only if u-v < 0.
3. =90 ifandonly if u-v =0.

Example: Show that the given vectors are
perpendicular to each other.

(@) 1and ]

(b) 3i-7j+2k and i+4j-k

Properties of scalar product
l.u-v=v-u

2.0 V+W =u-v+u-w
3. ku-v=u-kv

4. v-v=|V’
5.u-0=0-u=0
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6.3 Vector Products (Cross Products)

The cross product (vector product) uxv Is a
vector perpendicular to u and v whose direction
IS determined by the right hand rule and whose
length is determined by the lengths of u and v
and the angle between them.

Definition:
If u and v are nonzero vectors, and 8 (0 <8 < r)
IS the angle between u and v, then

X vi=ulvisind.
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The length of the cross product as as an area
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Area = base X height
= |ul|v| sin @
= |u X V|

Theorem 6.3

If u and v are two sides of a parallelogram, then
the area of the parallelogram is

lu X vl = |ullv|sing.

The cross product obeys the laws
(@A uxv=— vxu

b)) fu xv=ux kv =k uxv
C)uX v+ W =uXv+uxw
(Dux0=0xu=0

(e) uxu=0
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Theorem 6.4

If u=u,i+u,j+uk and v=vi+v,]j+V,K, then

uxv=u, u,

The pairwise cross products of 1, J, k:

Z
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k=1iX]

= —(j x i)
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Example:

- u X visorthogonal to
‘uand vwithu Xv|=2

Example:

Given that u = (3,0,4) and v = (15,-2), find
(@) uxv (b) vxu

Example:

Find two unit vectors that are perpendicular to the
vectors u =2i+2j-3k and v = i+3j+k.
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Example:

(a) Find an area of a parallelogram that is
formed from vectorsu=1+j - 3k and
vV = -6] + 5k.

(b) Find an area of a triangle that is formed
from vectorsu=1+j - 3k and
vV = -6] + 5k.

Triple Scalar Product

(u XVv)ew=|v; vy W

Wi Wy W3

The number | uxv -w] is the volume of a
parallelepiped.
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Volume = area of base - height
= |u X v| |w| |cos 6]
= |(u X v)-w

Area of base
= |u X v|
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Example

Find the volume of the parallelepiped determined
by the vectors a; b; and c.

a=1+]-k,b=1—)J+k,c=-1 +]J+k

Solution

a- bxe =1 -1 1|=-4

So, the volume is 4.



