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6.1: Basic concepts

Vector: quantity that has both magnitude and direction.
E.g: Force, velocity.

A vector can be represented by a directed line segment where
the

1) length of the line represents the magnitude

1) direction of the line represents the direction

A

v

v

Notation:



Vector components:

V=al+Db]
a and b: scalar component
| and j : direction

y

A

In 3D:
\7:a_i+bj+ck or V=<a,b,c>

Note that V =< a,b,C > %=V = (a,b,C)

e  Thevector PQ with initial point P(Xq, Y1, 21 Jand
terminal point Q(XZ, Yo, 22) has the standard representation

PQ = (Xo =X+ (Y2 = Y+ (22 —7)K
or PQ=<Xp-X,Y¥2-Y.2p-79>



Important Formulae

Let vV =(V,,V,,V,)and W = (W, , W, , W, ) be vectors in 3D
space and k is a constant.

1. Magnitude
V| = Jvlz +V,° +v,°

2. Unit vector in the direction of v is

G v _ <V1,V2,V3>

vV

3. VEW = (Vg £ W, Vp £ Wy, V3 T Wa)



Example 1:
Giventhata =(31,-2), b=(-16,4). Find

(@) a+3b (b) |b| (c) a unit vector in the direction of b.

Example 2:
Given the vectors U=31+ ] -5k and v=41-2j+7kK

a) Find a unit vector in the direction of 2u + v.

Example 3:
Given the vector u=(-1,-2,2), v=(1,0,—7). Find the unit

vector in the direction of u + v.




6.2 The Dot Product (The Scalar Product)

The scalar product between two vectors

V=<V,Vo,Vg >and w=<W,Wo, W3 > isdefined as
follows:

In components

VW =(V,,V,, V) (W, W, , W)

=V,W, +V,W, +V,W,

geometrically

V- W =|V|wcosd

where @ is the angle between v and w.




Example 4

Givenu =5i—j + 2k, v =2i + 3 — k. Find
a)u e« V
b)the angle between u and v

Example 5
The coordinates of A,B and C are A(1,1,-1), B(-1,2,3) and
C(-2,1,1). Find the angle ABC, giving your answer to nearest

degree.

Example 6

Given u =mi + j and v = 3i + 2J. Find the values of m if the

angle between u and v is E. Ans: 1/5, -5



Theorem :(Angle between two vectors)

The nature of an angle @, between two vectors
uand v.

1. @ isanacute angleifand only if U-v >0
2. O is an obtuse angle if and only if U-V <0

3.0 =90 ifandonlyif U-vV=0

Example 7

Givenu=4i—j+k,v=2i+3j—kandw=5i—j + 2k.
Find the scalar « such that v is orthogonal to the vectors
u—aw.

Example 8

a) Find the values of x if vector a=(x,3,x) and b=(x,2,-5)
are orthogonal.

b) A vector v has magnitude 8. If v is orthogonal to both
vectors ¢ and d given by ¢=(2,1,-3) and d=(1,-2,1) find
the vector v.



6.3 The Cross Products (Vector Products)

The cross product (vector product) U X V Is a vector
perpendicular to u and v whose direction is determined by the
right hand rule and whose length is determined by the lengths

of u and v and the angle between them.

Uuxyv

Theorem :(cross product)

If U=u,+U,j+u,KandVv=vi+V,]j+V,K,then
i ] K
UxV=U Uy Uz

Vi Vo V3

= (UpV3 — U3V )l — (UgV3 —U3zvy)J + (UgVp —UoVpyi



Definition: (Magnitude of Cross Product)

If u and v are nonzero vectors, and @ (0 < @ < ) is the

angle between u and v, then

uxvVv| =ulv|sing,

Theorem (Properties of Cross Product)

The cross product obeys the laws

@ uxu=0

by uxv=—(vxu)

@ UX(V+W)=UxV+UxW
(d) (ku)x v =ux(kv)=k(uxv)
(e)u//vifandonlyif UxV =0

® ux0=0xu=0
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Example 9
Given that u = (3,0,4) and v = (1,5,—2), find
(a) UXV (b) VXU

Example 10

Givena=I1+]J+k and b=1+3]-5k.
Find a unit vector which is orthogonal to the vectors a and b.

Example 11

Find a unit vector perpendicular to both vectors
a=-i+2j+kand b=2i+j+Kk

11



Area of parallelogram & triangle

Avrea of a parallelogram = |u|v|sin @ = lux v

1
Area of triangle = E‘u X V‘

Example 12

Find an area of a parallelogram bounded by two vectors
a=2i+2j—3kandb=i+3j+k

Example 13

Find an area of a triangle that is formed from vectors
u=i+]j -3kandv=-6j+5k.

Example 14

Find the area of the triangle having vertices at P (1,3,2),
Q(-2,1,3) and R(3,-2,-1). Ans: 11.52.
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6.4 Lines in Space
6.4.1 How lines can be defined using vectors?

Q(Ea Y, z) L

P(zo, yo, 20)

O
Suppose L is a straight line that passes through

P(Xg, Yo, Zg) and is parallel to the vector
v=al+bj+ck.
Thus, a point Q(X, Y, Z) also lies on the line L if vectors
PQ and v are parallel, that is:

PQ=tv
Say rg=OP and r=0Q

~PQ=r-rg

r—ro =1tv or r:ro +tv

In component

form < % ¥, Z>=<Xg, Yo, Zo >+t <a,b,c>

(equation of line in vector component)

13



Theorem (Parametric Equations for a Line)

The line through the point P(X,, Y, Z,) and parallel to the

nonzero vector V = (a,b,c) has the parametric equations

X=X,+at, y=y,+bt, z=1z,+ct

Example 15
Give the parametric equations for the line through the point

(6,4,3) and parallel to the vector (2,0,—7).

Example 16

The position vectors of points A and B are 04 = 2i+ 3j+ k
and OB =i + j — k. Find the parametric equation of the line
AB.

Example 17

Find the vector u which is perpendicular to both vectorsa =1 -
2] + kand b = -2i + j — k and hence write down the parametric
equations of the straight line which passes through (2,3,1) and
Is parallel to u.
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Theorem (Symmetric Equations for a line)

The line through the point P(X,, Y,, Z,) and parallel to the

nonzero vector V = <a, b, c> has the symmetrical equations

X=Xo _Y~=Yo_2-4

a b C

Example 18:

Given that the symmetrical equations of a line in space Is

2x+1 3-y z+4

, find
3 4
(a) a point on the line.
(b) a vector that is parallel to the line.
Example 19

The line | Is passing through the points X(2,0,5) and Y(-3,7,4).

Write the equation of | in symmetrical form.

Example 20

GivenalineL:r=<1,-12>+t<2,1,3 >.

Write the equation of L in symmetrical form.
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6.4.2 Angle Between Two Lines

Consider two straight lines

Il.X_Xl:y_yl:Z_zl
a b C

X=X2 _Y—Y¥2 _<2-1
d e f

The line I parallel to the vector U = al 4+ bJ + CK and the

and |, :

line |5 parallel to the vector V = dI + €] + fK. Since the
lines |1 and |2 are parallel to the vectors u and v respectively,

then the angle, 6 between the two lines is given by
u-v

cosfd =—
ulv]
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Example 21:

Find an acute angle between line

l,=i+2j+t2i—j+2K)

and line
|,=2i —j + k + s(3i — 6j + 2K).
Example 22
Find the angle between lines I, and |, which are defined by
_ _y+t8 2-z
[i: x—3 = 3 = ¢

l,: x =6 —t, y =-—1-2¢, 6z = —12t

17



6.4.3 Intersection of Two Lines

In three-dimensional coordinates (space), two lines can be In

one of the three cases as shown below

z VA
A
£,
~—_ | 3
/>.<&3) .
) / — 1
Z (a) X (b)

a) intersect b) parallel c)skewed
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Let |y and |, are given by:

Il:X_Xlzy_ylzz_z1 and (1)
a b C

X=X _Y—Yo_21-17
l, : 2 = 2
2" 4 . f (2)

From (1), we have V, = < a,b,Cc >

From (2), we have V, =<d,e, f >

»  Two lines are parallel if we can write

Vi=AV,

The parametric equations of |, and |, are:

ll: X=x+at I|,: X=X,+ds
y =Yy, +bt y=yp+es o (3)
Z=17 +Ct z=2+1s |

» Two lines are intersect if there exist unique values of t and

s such that:
X +at =X, +ds
y; +bt=y, +es
Zy+Ct=2,+fs

19



Substitute the value of tand s in (3) to get X, y and z. The point

of intersection = (X, Y, 2)

» Two lines are skewed if they are neither parallel nor

Intersect.

Example 23:

Determine whether |y and |, are parallel, intersect or skewed.

a)l: x=3+3t,y=1-4t, z=—4-7t
l,: Xx=2+3s,y=5-4s, z=3-7s

20



Solutions:
a) forly :
point on the line, P = (3, 1, - 4)
vector that parallel to line, V; =< 3,—4,—/ >
for |5
point on the ling, Q = (2, 5, 3)
vector that parallel to line, Vo =< 3,—4,—7 >

Vi =4V, ?
Vi =V, where 4 =1

Therefore, lines |y and |, are parallel.

b) Symmetrical eq’s of |1 and |2 can be rewrite as:

x-1 y-2 z-0

T T
" Xx-4_y-3_z-(=2)
-1 1 3
Therefore:

forly: P=(1,2,00 , vi=<1-41>
forl,: Q=(4,3,-2 , Vo, =<-113>

21



Vi =4V, ?

Vi # AV, —> notparallel.

In parametric eq’s:
I x=1+t ,y=2-4t,z=t
l,: X=4—-s ,y=3+S,2=-2+3s

1+t =4-5 D
2—4t=3+5 (2)
t=-2+3s (3)

Solve the simultaneous equations (1), (2), and (3) to get t and
S.

s:§ and t:z
4 4

The value of t and s must satisfy (1), (2), and (3).
Clearly they are not satisfying (2) i.e

Therefore, lines |y and |, are not intersect.
This implies the lines are skewed!

22



6.4.4 Distance From A Point To A Line

\/

v

Distance from a point Q to a line that passes through point P
parallel to vector v is equal to the length of the component of

PQ perpendicular to the line.

d =|PQsing
_[PQxv
- \'
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Example 24

GivenalineL:r=<1,-12>+t<2,1,3 >.
Find the shortest distance from a point Q(4,1,-2) to the line L.

Example 25:
Find the shortest distance from the point M(1,-2,2) to the line
2 —Z
L x === =
1 1
Example 26
Find the shortest distance from the point (-2,1,0) to the line

Xx—-1 2—1
——=y+6=——.
2 y 4
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6.5 Planes in Space

6.5.1 Equation of a Plane

Suppose that « is a plane. Point P(Xg, Yo, 2g) and Q(x, Y, z)
lie on it. If N = ai +bj+ck is a non-null vector perpendicular

(ortoghonal) to «, then N is perpendicular to PQ.

P (X0,Y0,20)

Thus, PQ-N=0
<X—=Xg,Y—VY0,Z2—2Zp >-<4a,b,c>=0

a(x—Xg)+b(y—yp)+c(z—29)=0

Conclusion:
The equation of a plane can be determined if a point on the

plane and a vector orthogonal to the plane are known.

25



Theorem (Equation of a Plane)

The plane through the point P(Xg, Yo.Zg) and with the nonzero
normal vector N =(a,b,c) has the equation

Point-normal form:

a(x—X,)+b(y—y,)+c(z-2,)=0

Standard form:

ax+by+cz=d with d =axy+Dbyg+Czg

Example 27:

Give an equation for the plane through the point (2, 3, 4) and

perpendicular to the vector (-6,5,-4).

Example 28

Find the equation of a plane through (2,3,-5) and perpendicular

to the line I “”3”1 — 2;3” _,

Example 29:

Find the parametric equations for the line through the point

(5, -3, 2) and perpendicular to the plane 6x+2y—7z =5.

26



Example 30
Given the plane that contains points A(2,1,7), B(4,-2,-1), and
C(3,5,-2). Find:

a) The normal vector to the plane

b) The equation of the plane in standard form

27



6.5.2 Intersection Of Two Planes

Intersection of two planes is a line. (L)

i

To obtain the equation of the intersecting line, we need
1) a point on the line L

2) a vector N that is parallel to the line L which is given by

f*_f: N1XN2

If N =<a,b,c >, then the equation of the line L is

X=Xo _Y~=Yo_2-4

a b C (symmetric)
or

X=X, +at, y=y,+bt, z=2,+ct (parametric)

28



Example 31:

Find the equation of the line passing through P(2,3,1) and
parallel to the line of intersection of the planes x + 2y - 3z = 4

and x -2y +z=0.

29



6.5.3 Angle Between Two Planes

Properties of two planes

(@)  Anangle between the crossing planes is an angle

between their normal vectors.
Np-Nj
NgNo

(b)  Two planes are parallel if and only if their normal

CoS@ =

vectors are parallel, Ny = AN
(c)  Two planes are orthogonal if and only if Ny - N5 =0.

Example 32

Find the angle between plane 3X + 4y = 0 and plane
2X+Y—27=02.

30



Example 33
Let P(2,2,2), Q(1,-2,3), R(-1,0,5) and S(5,1,2). Find

a) the normal vector to the plane POR.

b) the equation of the plane PQS.
c) the angle between PQR and PQS.

31



6.5.4 Angle Between A Line And A Plane

Let & be the angle between the normal vector N to a plane
7T and the line L. Then we have

where v is vector parallel to L.

If 6 is the angle between the line L and the plane 7, then

7
at0=2 = ‘9:5_0‘
2

. , JC
sIn@ =SIN| ——«a | = COS«
and (2 j

Therefore, the angle between a line and a plane is
V-N

sSiIN@ = ——
VN

32



Example 34

Calculate the angle between the plane x — 2y + z =4 and the

] x—1 v+2 z—3
line — = = .
4 2 1

Example 35

Given the plane that contains points A(4,1,2), B(1,-1,0),
C(0,4,2) and D(0,1,1). Find the angle between the plane ABC
and the line that passes through points C and D

33



6.5.5 Shortest Distance Involving Planes

(a) From a Point to a Plane

-Theorem-

The distance D between a point P(xq, y1,21) and the plane

ax+by+cz=d is

5 _IN-QP|_|axg +bys +cz —d
Va? +b2 1 c?

N
Where Q(Xg, Yo,Zg) is any point on the plane.

D ) D

Q(Xp, ¥0.20)
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Example 36

x-1 1-y z+1
2 3

a) Find the point where the line passes

through the plane 5x + 3y - 4z = 3.
b) Find the distance D between the point (4, 5, -8) and the
plane 2Xx—-6y+3z+4=0.

Example 37

I Show that the line

x-1 'y z+1
3 -2 1

is parallel to the plane 3X—2y+Z =1

Il. Find the distance from the line to the plane in part (a).

Example 38

a) Find the point of intersection between the plane 2x + 3y —

1-x y+1 z-1
3 4

c) b)Find the shortest distance from the point (-2,1,6) to
the plane 3x+2y—-6z+5=0.

2z = 6 with the line

35



(b) Between two parallel planes

The distance between two parallel planes ax + by + ¢z =d,

and ax + by + ¢z =d, is given by

. d1-0y
Jaz +h% +¢?

Example 39:

Find the distance between two parallel planes X + 2y —2z =3
and 2x+4y—-4z=7.
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(c) Between two skewed lines

N =uxvV

Assume L1 and L2 are skew lines in space containing the

points P and Q and are parallel to vectors u and v respectively.
Then the shortest distance between L1 and L2 is the

perpendicular distance between the two lines and its direction

Is given by a vector normal to both lines.
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So, the distance between the two lines is

d =|PQcosd)
_IN-PQ| (UXV)-PQ
LN Juxy]
Example 40:

Find the shortest distance between the skewed lines.
I, x=1+2t,y=-1+t,z=2 + 4t
|, : x=-2+4s,y =-3s,z=-1+s
Example 41

Find the distance between the lines
Ly i1+ 2]+ 3K+ t(1 — k)
L, :x=0,y=1+2t,z=3+t

Example 42:

Find the distance between the lines L, through the points
A(1, 0,-1)and B(-1, 1, 0) and the line L, through the points
C(3,1,-1)and D(4, 5, -2) .
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