I nfinite Sequences

Defn: An infinite sequence | a,(] is a function whose domain is the set of positive
integers.

1 11
Example: 3—{j=1,=,=,....
xamp $n§(/ J”23

Defn: We say the sequence |ahq convergesto L if Ii@rg a=L.

Special facts about determining if a sequence converges.
1) IE@rQr”ZOif r|<1 Ex. Ii®rg(-2/3)”:O

limr" does not exist if |r| >1 Ex. lim(- 4)" does not exist
re® ¥ n® ¥

2) For arationa expression (the quotient of two polynomials p and q)

a) if the degree of the numerator is greater than the degree of the denominator, I|®rQ P

q
. . 1-n .
does not exist. EX.lim——- does not exist.
¥ n“+1
b) if the degree of the numerator is the same as the degree of the denominator, the
|I®I‘Q§ equals the quotient of the coefficients of the highest degree terms.
3
Ex. lim 2" =1
ne¥ 2n° +1 2
c) if the degree of the numerator is less than the degree of the denominator, the |I®I‘Q§
. _1-n
to 0. Ex. | =0
isequa to 0 Xmo

. B i . _ L e
3) If L|®rgan =0, then LI@I‘Q( D™ a, =0.If L|®rgan L where L1 O, then LI@F‘Q( 1)""a, does
not exist.

Ex. lim(- )™ —1— =0 lim(- )™ —"_ does not exist.
n® ¥ n+1 ne® ¥ n+1



Infinite Series

Defn: Let |ahq be an infinite sequence. Then an expression of the form

¥
é a,—a t+a,+a;+a,+..isaninfiniteseries.

n=1

Each infinite series has a sequence | an called the sequence of partial sums associated
with it.

¥
Defn: For the series § a, =a, +a, +a,+a,+..., the sequence of partial sums | S|
n=1
associated with it is the sequence in which for each n, S, isthe sum of the first n terms of

the series; that is, S, =a, +a, +a,+...+a,.

¥

Defn: The series é a, =a +a, +a;+a,+... converges and has sum Sif its sequence of
n=1

partial sums convergesto S; that is, if Ii®rQ S, =S.

¥

Nth Term Test for Divergence: If Ii®rr§'é1an 1 0, then the infinite series é a, must
n n=1

diverge. (Note: Just because Ii®rQ a, =0 doesnot mean that the series converges.)

Usually we cannot get S, in aform where we can directly find whether or not Ii®rQ S,

exists, so we use certain tests for convergence of an infinite series to determine whether

or not a series converges. These tests may tell us that the series converges without telling

us the actual sum. That is, they may prove that Ii®rQ S, exists but not tell us what the limit
n

is equal to. Two types of seriesin which we can directly consider Ii®rQ S, are:

g . 1 1
1) telescoping (collapsing) series Ex. — - =
) telescoping (collapsing) seri X 21[n+1 n]

¥ ¥
2) geometric series Q ar™t=Q ar" =a+ar +ar?+ar+.=a(l+r +r2+r3+.))
n=1 n=0

A geometric series converges and has sum S = % if and only if |r| <1. The

geometric series divergesif |r| 3 1.

Be sureto write out the first few terms of the series, and if the first termis not already
a1, factor it out to correctly identify the values of aand r, aswe did in class. Notice
particularly whether n (or whatever variable is used) begins with 0,1,2, etc.

¥
Defn: A p-seriesisaseries of the form é % where p > 0.

n=1



Theorem: We can show by the Integral Test that a p-series convergesif p>1and
divergesif p£1.

Ex.1) 5 I 5 1 converges
. _1 n \/ﬁ a n32

Ex. 2) a (called the harmonic series) diverges

—l

Ex. 3)a \/_ a iz diverges.

¥ ¥
Direct Comparison Test: Let é a, and é b, be positive term infinite series.

n=1 n=1

¥ ¥
1)Ifa £h foralnand § b, converges, then § a, also must converge.

n=1 n=1

¥ ¥
2)1fb 3 a foral nand § a, diverges, then § b, must also diverge.

n=1 n=1
Since we know exactly when p-series and geometric series converge and when they
diverge, we are most often comparing to these types of series, usually to p-series. We
will most often use the Comparison Test when a,, is a quotient of terms of the form n

3 n+2n+1
to aconstant power. EX. @ —,———
e NT°+2

¥ ¥
Limit Comparison Test: Let é a, and é b, be positive term infinite series. Then if

n=1 n=1

I|®rQZ— =k for some real number k > 0, then either both series converge or both series

diverge.

The Limit Comparison Test may be easier to use if you are not sure what inequalities you
need for the direct Comparison Test. To use the Limit Comparison Test, let a, be the nth
term of the seriesin question, and generally we choose b, by taking the one term from
the numerator and the one term from the denominator that getslargest asn getslarge. In

this way you should know whether a b, converges or diverges and Ilmg should equal
n=1 n
a positive real number.

Defn: An alternating seriesis a series of the form

¥
a(-)"a =a- a,+a,- a,+a. ... wherea, > 0 for al n.

n=1



¥
Alternating Series Test: The alternating series é (-D)"™a,=a - a,+a;- 3, +a- .....

n=1

convergesif: 1) Ii®rQ a,=0
2)a,, <a, foraln

Ex. a( 1)\/_ converges by the Alternating Series Test.

Do not try to apply the Alternating Series Test to a positive term series.

We also know the following about the sum of an alternating series:

If S, (the sum of the first n terms) is used to approximate the sum of a convergent
aternating series, the error will be less than the absolute value of the (n+1)% term of the
series. That is, with a convergent alternating series |S- S |<a,.,.

¥
TheRatio Test: Let é a, beaninfinite series. Then

n=1

1) if lim Bt <1, the series converges.

n® ¥ an
2)if lim %151 or limP =y the series diverges.
n® ¥ an n® ¥ an

3) if Ii®rQ Bl = 1, then no conclusion can be reached by the Ratio Test.
" ay

The Ratio Test is used if a, contains a factor of the form "a constant” to the n power or
factorial exprons

EX. a (- 1)n+l or a —

n=1

The Ratio Test is aso used to find the radius of convergence of a power series.

Defn: A power seriesin (X - €) isaseries of the form

A a,(x- o) =g, +a(x- ¢)+a,(x- )*+...

n=0

For apower seriesin x - ¢, exactly one of the following statements is true:

1) The power series converges only for x = c.

2) The power series converges for al real numbers x.

3) The power series converges on an interval of real numbers centered at c; that is, it
converges for x between ¢ - r and ¢ + r for some number r called the radius of
convergence.



Doing Problems on Convergence/Divergence

Step 1. Ask yourself: Do | want to determine if a sequence converges or if a series
converges? For a sequence, you just want to know if Ii®rQ a, exists, and if so,

what isit?
For a series, go onto Step 2.

¥
Step 2: If you are trying to determine if é a, converges, check, if it isrelatively easy to
n=1
do so, Ii®rQ a,. If thislimit isnot O, by the Nth Term Test for Divergence, the series

¥
é a, diverges. If thislimit is O, go on; you need to use another test for
n=1
convergence or divergence. (If Ii®rQ a, does not seem easy to find, there may be an

easier way to determine convergence or divergence.)

Step 3: If the exact sum of the seriesis asked for at this point in the course it is probably
either a collapsing series or a geometric series. In the case of a collapsing series,
your write-up should show exactly what S, equals, then you should find Ii®rQ S,

and you should use the definition of convergence of an infinite series. For finding
the sum of a geometric series, identify a and r correctly and use the formula

S= 11 if [r| <1. If not one of these kinds of problems, go to:
- T

Step 4. Decide if you have an alternating series or a positive term series. If you have an
alternating series, use the Alternating Series Test. If you have a positive term
series, go to step 4.0

Step 5. If you have a positive term series, use the Direct Comparison Test, the Limit
Comparison Test or the Ratio Test. If there isatrig expression or log expression,
etc. asafactor of a,, you may want to make a comparison such as one of the

following:
in’ 1 1, . 1 1 . .

e.g. sznE%, ——>—(sincelnn<n), ——3 —gncesnn£l
n n Inn n nsinn n

A comparison test is usually used if each term in the numerator and denominator
isaterm of the form n® where ¢ is a constant. For akind of series where you
would use a Comparison Test, you should be able to tell whether you are pretty
sure the series converges or diverges before starting your "proof" by taking the
guotient of the "dominant” terms in the numerator and the denominator. If either
the numerator or denominator contains factorial expressions or aterm of the form
c", you often want to use the Ratio Test, but you may want to make a comparison

. 1 1 n n . : :
first. For example, <—or < o It iseasiest to use the Ratio Test
n

+n n! n+2"
when there is not a sum in either the numerator or the denominator.
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Summary

Test When to Use Conclusions
. . =k a
Geometric Serles 3 ar Converges to iflrj< It
k=0 | —r
diverges if |r| = 1.
kth-Term Test All series If *Iim ay # 0, the series diverges.
— 00
o0 oo o0
Integral Test S ag where f(k) = ag, ¥ ag and f flx)dx
k=1 k=1 1

[ is continuous and decreasing and f(x) =0

both converge or both diverge.

p-series

v L

k=1 kP

Converges for p > 1. diverges for p < 1.

Comparison Test

n u] [+ ]
Y ayand ¥ by, where 0 < a; < by
k=1 i=1

oo o0
If 3 by converges, then Y a; converges.
k= k=1

= o
If 3 a; diverges, then ¥ by diverges.
k=1 k=1

Limit Comparison Test

00 =]
3 ag and Y by, where

k=1 k=1
R

ag, by = 0and lim — =L =0
k—o0 Dy

o0 o0
E ag and Z bﬁ'
k=1 k=1

both converge or both diverge.

Alternating Series Test

oo
S (=1 ag where ag > 0 for all k
k=1

If lim a; =0 and agq) < ay forall k,
t—rDC

then the series converges.

Absolute Convergence

Series with some positive and some
negative terms (including alternating series)

=
If 3 |ag| converges, then
k=1

o0
3" ax converges absolutely.

k=1
. . . . . . Ayl
Ratio Test Any series (especially those involving For lim |—| = L.
. . k—oo | dy
exponentials and/or factorials)
(s 8]
if L < 1, ¥ a; converges absolutely
k=1
= a]
if L > 1, Y a; diverges,
k=1
if L = 1. no conclusion.
Root Test Any series (especially those involving For JtIim Jl0ag| =L,
exponentials) ™
if L < 1, ¥~ a; converges absolutely

k=1

o0

if L > 1, Y ax diverges,
k=1

if L = 1, no conclusion.




MACLAURIN SERIES

INTERVAL OF

CONVERGENCE
CXJ -
}=Zx":1+x+x2+x3+--- 1 <x<l
k=
cOo N ) )
] 2=Z(—l)kx‘k=1—x2+x4—x6+--- -l <x <1
+ X
k=
_ >k 2 3 4
(e":ZL‘ 1+x+%+)‘—+z—‘+ —00 < X < 400
k=0
2k+1 3 5 7
smx—Z(—l)" A =y 4 L 4 —oco < X < o0
2k + 1)! 3! 5! 7!
2k 2 4 6
- = _1H)k X — A X .
COS X = Z( )(Zk)'_ 2!+4! 6!+ —00 < X < o0
k 2 3 4
X X X X
1n(1+x)=2(—1)k+”—=x— v 1<x<1
P k 2 3 4
2k+1 3 5 77
tan™ x—Z(— )")L —x—%+%—%+- —1<x<1
.\ 2k+1 3 oS o7
sinhx:Z“—:x+“—+“—+“—+--- —c0 < X < 400
O(2k+1)! 3! 5! 7!
2\ 2k 2 4O
cosh x = (2/{)’ ]+?+;1_'+5+ —co < X < +o0
k=

— 1) (m- k+l) W
(40" =14+ m(m
(1 +) Z} -

1<x<1”
m=#0,1,2,...)

% ‘ ‘ ‘
The behavior at the endpoints depends on m: For m > 0 the series converges absolutely at both
endpoints; for m < —1 the series diverges at both endpoints; and for —1 < m < 0 the series con-

verges conditionally at x = | and diverges at x = —1.
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