CHAPTER 4: IMPROPER INTEGRALS

4.0 INTRODUCTION

b
Up to now, the definite integral f f(x)dx has two

properties:

(i) the domain of integration a to b is finite and

(i) the range of the integrand in this domain is also
finite.

However, if one or both of the conditions are not met,
how can we define the resulting integral?

4.1 BASIC CONCEPTS

Definition 4.1 (Improper Integrals)

b
The definite integral ff(:z:) dz 1s called an improper

Integrals iIf

(1) a=—o0 or b =00 or both
I.e one or both limits of integration is infinite (Type
).

(2) f(x) is unbounded at one or more points of
a < x <b. f(x) has an infinite discontinuity at




these points and such points are called singularities
of f(z) (Type ).

For example,
Type 1. a=—o0 or b =00 or both
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710‘1_'_1:1;2 dx; f:z:e_x2 dx; fxe_x2 dx

—00 —00

Type Il: f(x) is unbounded at one or more points of
a<x<b
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Type I11: Integrals with both conditions (1) and (2).
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4.2 INFINITE LIMITS OF INTEGRATION

To understand how an improper integral may be
evaluated, consider the following example:

Figure 4.1 gives the graph of f(z) =e " in the interval
0,00).
Y a

1

Figure 4.1

b
We can find fe“” dx.
0

T
Letb=T, then, fe_xda; — ¢ T = T +1
0

fT >0, then 1—e ! —1 jelim 1—e ! =1

T—o0

Thus, we can now define

00 T

fe_x de = lim [ e “dr=1

T—o0

0 0



Definition 4.2 (Improper Integrals of Type 1)

1. If f(x) iscontinuous in the interval a,co , then

Tf(x)dx = lim ff(az)dx

T—o0

2. If f(x) iscontinuous in the interval —oo,b , then

ff(:E)dx: lim ff(x)dx

T——o0

3. If f(z) iscontinuous in the interval —oo,+o0
then

J f@yde = [ f@)de+ [ f@)ds
- o (cisany rceal number)

The improper integral is said to converge if the limit is
finite (exist) and to diverge, otherwise.



Example 1

Evaluate the following improper integrals. Determine if
the integrals converges or diverges.

(a) T% iz (b) T%dw
(€) ] re " dx (d)7$6_2$ dx
() Tsinxdx () f 1 sz iz

| 2x
d
(g)f1+x2 !



Solution
: 1 :
The region under the curve y = — for z > 1 Is shown
X

In Figure 4.2:

A

- _ 1
Fig4.2 Y= 2

This region Is unbounded, will the area be unbounded as
well?

Consider,




However, If T" — +o0, then

+00 T 1
f —dr = lim —2
T—+00
1 1
= lim —l = lim _l—i_l]:l
T—+o00 X 1 T—+00 T

Thus, the improper integral converges and has the value
1.

(b) T%dm

Solution

Figure 4.3 gives the graph of y = %

y
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T

400
f ldw — lim ldx
T
1

T— 400 T
1
. T .
= lim 111:(31 = lim In7T —Inl = 4+
T—+o00 N—4+00

Thus the improper integral diverges. What does this say
about the area under the curve?

o1
e d
()flJra:Q !

Solution

The graph of f(z) =

s IS given in Figure 4.4,

1+ 2

y

A

/\

Fig 4.4

The function f(z) = Is known as the Cauchy

2

14+
Density Function.



0 a

o0

J 12dx:J 12dx+f 2dx.Wehave,
1+ X 1+ X 1+ X
—0 —00 a
a 1 . a 1
f >dr = lim 5 dx
14+ T--oJ 1+x
—00 T
= lim [tan_l xr — lim [tan ‘a—tan ' T
T——00 T T——00
. -1 _ —1 ™
= tan "« 5 tan " a + 5
and similarly,
o1 o1
f 5 dr = lim 5 dx
14+ T—ooJ 14+ 2
= lim [tam_1 | = T tan ' a
T—o0 a 2
1 o1 o1
Therefore, J > dx = J > dx+f > dx
1+ X 1+ X 1+ X
—0 —00 a
— tan_la—l—z + z—talrl_la = T.

2 2

The improper integral is convergent.



4.3 INFINITE DISCONTINUITY

If the integrand is unbounded at a limit of integration or
at some point between the limits of integration then it is

said to have an infinite discontinuity or there is a
vertical asymptote at these points.

1
For example, consider f L dx

(z— 1)2/3 '

0

1
123

When z — 17, > +00.

Thus the integrand is infinite at x = 1.

Figure 4.5

1
’y:

(z- 1)2/3
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1.

Definition 4.3 (Improper Integrals of Type 1)

If f(x) Iscontinuous in the interval a,b , and has
infinite discontinuity at X = b, then

ff(x)dx: lim ff(x)dx

T—b

If f(z) iscontinuous in the interval «,b , and has

Infinite discontinuity at z = a, then
b

f f(x)dx = lim | f(z)dz

T—a
T

If f(x) iscontinuous in the interval a,b , and has
Infinite discontinuity at X = C, then

fﬂ@w:]ﬂ@m+fﬂ@®

(c Is any real number)

The improper integral is said to converge if the limit is
finite (exist) and to diverge, otherwise.

11



Example 2

Evaluate

1 1
(a) { e 1)2/3 dx (b) fﬁ dx

(c)j41xdx (d)jx—gdx
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Fig 4.6

From the graph, we can see that as
r— 0", f(x) > +ooand as x — 07, f(z) — +oo, i.€.
the curve 1s unbounded at x = 0.

Using definition 4.2:
1 1 0 1 1 1
—2 —2 0
13



0 T

However, f% dr = lim % dx...Complete the
T T

T—0
-2 —2

solution

Therefore:
1

1

—2



Example 3: Improper integral of Type 111

Evaluate f
0

L dx
N1 — 7

Using Definitions 4.1 and 4.2:
1

T
Y dr = lim Y dz (1)
) N1 x” =1 ) N1 z°
L dr = lim S/ (2)
! V11— z” =1 7 N1-— z”
00 T
Y dr = lim Y dr  (3)
1—2° F=o0 1— 2
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r=—A1—2°+C

J o=

Evaluate the limits for each expressions (1), (2) and
(3). If all the limits exist then the integral
converges, otherwise, it diverges.
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Summary

Types of Improper Integrals Discussed in This Section

INFINITE LIMITS OF INTEGRATION: TYPE I INTEGRAND BECOMES INFINITE: TYPE 11
1. Upper limit 4. Upper endpoint
00 b
. 1 b
/ Inx g = l1m/ x / dc lim/ dx
1 X b— [ x 0 (x _ 1)2/3 b—1"Jo (x _ 1)2/3
y

1
y y=
23
_Inx / x—=1

ol 1 - ol _,1 3
2. Lower limit 5. Lower endpoint
0 0
d 5 = lim / 761’.76 ) SLZ fim 3#
el e T =B d=Ta (x - 1P
y
__ 1
/ y_(x_1)2/3
1
0 o 3
3. Both limits 6. Interior point
(s.9] 0 ¢ 3 ) 3
/ dxzzhmf dx2+lim/ dx2 f dx23=/ dx23+/ dx“
o L4 x®bmmecfy T xmemeofo 14 x o (x — 1) o (x — 1Y (= 1D
y
__ 1
/ ST
1
X
ol 1 o 3
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