Chapter 3: Integration of Further
Transcendental Functions
Motivation — why study integration

The processes of integration are used in many
applications.

The Petronas Towers in Kuala
Lumpur experience high forces
due to winds. Integration was
used to design the building for
strength.

Often we know the relationship involving the rate
of change of two variables, but we want the direct
relationship between the two variables.

» For example, we know the velocity of an object
at a particular time, but we want to know the
position of the object at that time.

To find this direct relationship, we need to use
the process which is opposite to differentiation.
This is called integration (or anti-
differentiation).
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e Integration are used to find:

o Area under a curve
- Areas under curved surfaces

o Volumes of solids of revolution

- The volume of a solid obtained by
revolving the graph of a function
y = f (x) around the x-axis

o Displacement & velocity

- The distance travelled by an object moving
with a given velocity function over a given
time interval

o Mass, Moments & Centers of mass
o Work done

- The work done by a force applied over a
certain distance

o Fluid flow

o Modelling the behaviour of objects under
stress etc.

Area under a curve can be approximated without

using calculus. We do it with calculus to find
exact area
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e Anatomy of an Integral
o Integral sign
[a, b] Interval of integration
a, b limits of integration
a lower limit
b upper limit
f(x) Integrand
X variable of integration

O O O O O O

Recap - Evaluation of Integral
o Standard Integrals

o Techniques of integration
- U-substitution
- Integration by parts
- partial fractions
- trigonometric substitution
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3.1 Standard Integrals for Hyperbolic
Functions

Recall the derivatives of hyperbolic functions:
By reversing the derivative formulas, we can
obtain a list of standard integrals.

Standard integrals involving hyperbolic functions:

Derivatives Integrals
di(cosh X) =sinh x jsinhxdx:coshx+C
X
di(tanh X) = sech’ x _'se(:h2 xdx=tanhx+C
X
i(—coth x)=cosech’x || cosech” x dx
dx =—cothx+C
i(—sech x)=sechxtanhx | Jsechxtanhxdx
dx =-sechx+C
i(—(:sch x)=cschxcothx | ] ¢schxcothx dx
dx =—cschx+C
Example 1

. 1
| sinh 3z dx = —cosh 3z +C
M [ 3
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(i) f e ' sinh x dx

e Compare this with fe‘“" sin z dx. How Is the
Integral evaluated?

However, notice that
1 1
e “sinhyx =¢* [5 e’ —e ] —_1—e*
Hence,

fezsinhxdx:lf 1—e dxzf—l—le_%—l—C
2 2 4

e This integral is much easier and does not require
using integration by parts.

Example 2: Evaluate the following integrals

(a) f 3sinh 2x dx (b) f sinh x cosh x dx
(C) f cosh’ 2z dz (d) f z” cosh 2z dx

(e) f sin 3z sinh 2z dz
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3.2 Integration of Inverse Trigonometric
Functions

Recall derivatives of inverse trig functions

d .

—sin = .zl <1
dx 1—z°
itzm_lzz:: L 5

dx 1+ 2z

d 1

—1
—sec 1 = x| < 1

dx Nzt —1 7

From the definition of antiderivatives, we can
obtain the list of standard integrals.

—sin 'z +C

J7==

f de —tan "z +C
1+ x

—sec 'z +C

f dz
Nzt —1
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Integral formulas involving Inverse

Trigonometric Functions

Derivatives Integrals
d , . _ 1 i .
—(sin™"x) = ax =sin" x+C
dx 1-x° J NV1-x°
d . -1 (-
—(cos™ X) = ax =cos ' x+C
dx 1—X2 J AJ1-—X
i(tan‘1 X) = > dX2 =tan "' x+C
dx 1+ X J 1+X
i(cot‘lx)z — ——=cot ' x+C
dx 1+ X J 1+ X

_ 1 (
d—(seclx): ; 2 —sec'x+C
X X[Vx* =1 ] |x|/x2 -1

_ -1 _
—(csc™ x) = = J X et x+C
dx x|/ x* -1 x|/ x? -1

» When given integral problems, look for these

patterns.

» Many integrals look like the inverse trig forms.
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Example 3

Which of the following are of the inverse trig
forms?

X dx X dx
LB P =

dx dx
© [ (d) J ——

If they are not, how are they integrated?

dx dx

\J4 = X2 ") 94+ x?
dx
ves?
J|x|\/x2—10

To find the answer for this question, lets’ try to

dx
solve .
Jal —x°

Example 4

Evaluate ax .
Jai —x?

e \What about
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Solution: Let x=au, then dx =adu. Hence

dx _ du
Ja‘ —x* J1-u?

=sinfu+C
=sin™ (ij +C
a

Using the same method we can find the solution

a -|-X |X|~/X _a

From the above discussions, we obtain the general
Integral formulas as follows:

for
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f ;dxzzicot‘l(§j+c
a’+x* a a

J|X|Jﬁ:_seC (ij

—CSC

|x|J_defa:1 ( j+c

Example 5 : Evaluate the following integrals

‘a’h%‘” (b)JJdeX

/4 1
(d) f > dx
«/1 16> 2+ 9X

3 t
d f d
“’Lqm R Rkl

Likewise we obtain the integral formulas for the
Inverse hyperbolic functions.
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3.3 Standard Integrals Involving Inverse

Hyperbolic Functions

Derivatives Integrals
d, . 1 ( :
—(smh 1X)= dx =sinh™* x+C
dx x“+1 | J) Jx?+1
(°
i(coshlx) — 1 dx =cosh™ x+C
dx x“=1 |JJx*-1
4 (tanh™ z) = 1 p dx =tanh™ x +C
dz 1—2> | J)1=-x%
Alternatively,
1

we can evaluate J
X2 +1

substitution:

dx by using the

X =sSIinhu, dx =coshu du

then

Jx? +1=+/1+sinh?u =+/cosh?u =coshu

Hence
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(coshu du) = jdu

1
J«/X 1 cos u

—Uu+C=sinh*x+C

Recall that inverse hyperbolic functions can be
given in logarithmic forms.

Indefinite Integral

.
L dx =sinh ™ x+C =In(x+\/x2+1)+C

.

X? +1
2 dx=cosh‘1x+C=In(x+\/x2—1)+C
J X =1

1+ X
1-Xx

dx =tanh™ x+C_—In +C

J 1—X

Completing the Square

e Often a good strategy when quadratic
functions are involved in the integration

Example 6:

Evaluate dx.

J 1
JX? —6x+5
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Solution

X* —6Xx+5=(x— 3)2 4, complete the square

J Jx2 —16x+5 \/(

— 2t , Substitute x—3=2t
J \4t* -4

- o =cosh™'t+c
J At =1

—cosh™ (XT_SJ +C

Example 7

Evaluate the integrals:

1 1
a dx b dx
()JX2+ZX+1O ()J\/5+4x—x2

1 dx
(C) f4X2 —12x+25 ax (d) J‘\/ng — 332
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Recognising Integrals

e Some integrals may not appear to fit basic
Integration formulas:

- May be possible to split the integrand into
two portions, each more easily handled

4 + 3 g —

Ax 3
d d
J1— 2 J1— 2 erf\/l—x? v

- Use integration techniques/rules

fsinlxdx—xsinlx—Jx[ ! z]dx

1l—=x

- Change of variables

f\/r u

dr = > (2udu), substitute
r+1 uw +2 +1

Complete the solution...

Then try evaluating these integrals:
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e’ 1
(a)f o= ® ) f TR

2¢ — 3
©) f Jdx — 1

If u=g(x), we have

u
= arcsm +C

Jﬂ

du 1 u
—— =—arctan—+C
a~+u” a a

u
= —arcsec +C

U\/U —-a’
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Example 8

Evaluate the following integrals:

"1 1
a d bf
()J 2 —16 v (b) 25 — 42

Example 9

dzx

@ [Vitetdr (o) fvl;; T g

2
(C) f 1 cosh™' z dz
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3.4 Applications of Integration
e Area under a curve
o Areas under curved surfaces

e \VVolumes of solids of revolution
o Mass

e \Work done

e Moments & Centers of mass

e Displacement & velocity

e fluid flow

e modelling the behaviour of objects under
stress

etc.
Example 10
Find the area of the region bounded by
1
— ,y=0,z=1, and z = 3.
¢ o’ —2x+5 Y
Example 11

The curve formed by a freely hanging chain
supported at two points has the form of a
hyperbolic cosine, and is called the catenary.
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(a) Calculate the length of the arc of a catenary
given by the equation

X
=2cosh| — [-1
g (zj

between x =—4 and x =4.

(b) Find the area of the surface of revolution,
when the catenary given above is rotated about
the x-axis. Use the same x limits. (This surface

Is called the catenoid.)
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